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If the temperature is low
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Bubble nucleation rate
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[T. Banks, C. M. Bender, T. T. Wu, ’73; S. R. Coleman, ’77]
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A solution to Euclidean EoM
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uncertainty

[M. Endo, T. Moroi, M. M. Nojiri, YS; ’16]
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Figure 1: B and Stot as a function of the renormalization scale Q in the model of a real scalar
field with the potential (3.1). We take T = m and λ = 0.6. Also, Λ = 100GeV for ∆S.

order to reduce the renormalization-scale uncertainty as well as to determine the overall scale
of the decay rate.

Following the procedure explained in the previous section, we calculate Stot in Eq. (2.27).
The result is also plotted in Fig. 1. When the prefactor A is calculated at the one-loop level,
the renormalization-scale uncertainty is significantly reduced; B changes between 404 and
373 for Q/m = 0.5–5, while Stot = B +∆Sφ is stable at Stot ! 400. Thus, the study of this
simple model shows that the proper inclusion of the prefactor A is necessary for an accurate
estimation of the decay rate γ.

4 Model 2: Higgs-Stau System in the MSSM

In SUSY models, the EWSB vacuum becomes a false vacuum if there exists a true vacuum
which is CCB or unbounded-from-below directions. The stability of EWSB vacuum often
gives significant constraints on the SUSY parameters [2, 3, 4, 5, 22, 24, 25, 26, 27]. The CCB
vacua show up in particular when scalar tri-linear coupling constants are large. Although
the decay rate of the EWSB vacuum is important, the prefactor A is estimated by an order-
of-magnitude estimate argument, and is often chosen to be the SUSY scale.

In this section, we consider the case where the tri-linear coupling of the Higgs boson

8
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1-loop

“Tree”

A = m,↵ = 0.6
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There appears gauge zero modes when a gauge symmetry is broken (only) by the bounce

Gauge zero mode

Flat direction

Bounce

detS00
E |bounce = 0
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Higgs

[A. Kusenko, K. M. Lee, E. J. Weinberg; ’97]

The treatment of the gauge zero modes had not been established for a long time

If we try to calculate the prefactor, ...



Gauge fixing
NG boson
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Background gauge
1. the gauge symmetry is U(1),#2

2. there is only one charged scalar field Φ which affects the decay of the false vacuum,

3. the U(1) symmetry is spontaneously broken in the false vacuum.

More general cases, in particular, the case where the U(1) symmetry is preserved at the false
vacuum, will be discussed elsewhere [25].

First, let us explain the set up of our analysis. The Euclidean Lagrangian is given by

L =
1

4
FµνFµν + [(∂µ + igAµ)Φ

†][(∂µ − igAµ)Φ] + V + LG.F. + Lghost, (2)

where Aµ is the gauge field, Fµν = ∂µAν − ∂νAµ, and V is the scalar potential. In addition,
LG.F. and Lghost are the gauge-fixing term and the terms containing FP ghosts (denoted as
c and c̄), respectively. We use the following gauge-fixing function:#3

F = ∂µAµ − 2ξg(ReΦ)(ImΦ) = ∂µAµ +
i

2
ξg(Φ2 − Φ†2), (3)

with which

LG.F. =
1

2ξ
F2, (4)

and

Lghost = c̄
[
−∂µ∂µ + ξg2(Φ2 + Φ†2)

]
c. (5)

The scalar potential V has true and false vacua. The field configuration of the false
vacuum is expressed as

(Aµ,Φ)false vacuum = (0, v/
√
2), (6)

with v being a constant which is non-vanishing in this letter.
The false vacuum decay is dominated by the classical path, so-called the bounce [19].

When v #= 0, the bounce solution, which is O(4) symmetric [26, 27], is given in the following
form:

(Aµ,Φ)bounce = (0, φ̄(r)/
√
2), (7)

#2The application of our prescription to the case of non-abelian gauge symmetry is straightforward.
#3Previous studies used different type of the gauge-fixing functions: ∂µAµ−

√
2ξgφ̄ReΦ, around the bounce

(i.e., Φ = φ̄/
√
2), and ∂µAµ −

√
2ξgvImΦ, around the false vacuum (i.e., Φ = v/

√
2). Expanding the fields

around the solution of the classical equation of motion, we obtain the same gauge-fixing functions as the
previous studies at least at the one-loop level, although our gauge-fixing function can be used both around
the bounce and around the false vacuum.

2

1. the gauge symmetry is U(1),#2

2. there is only one charged scalar field Φ which affects the decay of the false vacuum,

3. the U(1) symmetry is spontaneously broken in the false vacuum.

More general cases, in particular, the case where the U(1) symmetry is preserved at the false
vacuum, will be discussed elsewhere [25].

First, let us explain the set up of our analysis. The Euclidean Lagrangian is given by

L =
1

4
FµνFµν + [(∂µ + igAµ)Φ

†][(∂µ − igAµ)Φ] + V + LG.F. + Lghost, (2)

where Aµ is the gauge field, Fµν = ∂µAν − ∂νAµ, and V is the scalar potential. In addition,
LG.F. and Lghost are the gauge-fixing term and the terms containing FP ghosts (denoted as
c and c̄), respectively. We use the following gauge-fixing function:#3

F = ∂µAµ − 2ξg(ReΦ)(ImΦ) = ∂µAµ +
i

2
ξg(Φ2 − Φ†2), (3)

with which

LG.F. =
1

2ξ
F2, (4)

and

Lghost = c̄
[
−∂µ∂µ + ξg2(Φ2 + Φ†2)

]
c. (5)

The scalar potential V has true and false vacua. The field configuration of the false
vacuum is expressed as

(Aµ,Φ)false vacuum = (0, v/
√
2), (6)

with v being a constant which is non-vanishing in this letter.
The false vacuum decay is dominated by the classical path, so-called the bounce [19].

When v #= 0, the bounce solution, which is O(4) symmetric [26, 27], is given in the following
form:

(Aµ,Φ)bounce = (0, φ̄(r)/
√
2), (7)

#2The application of our prescription to the case of non-abelian gauge symmetry is straightforward.
#3Previous studies used different type of the gauge-fixing functions: ∂µAµ−

√
2ξgφ̄ReΦ, around the bounce

(i.e., Φ = φ̄/
√
2), and ∂µAµ −

√
2ξgvImΦ, around the false vacuum (i.e., Φ = v/

√
2). Expanding the fields

around the solution of the classical equation of motion, we obtain the same gauge-fixing functions as the
previous studies at least at the one-loop level, although our gauge-fixing function can be used both around
the bounce and around the false vacuum.

2

1. the gauge symmetry is U(1),#2

2. there is only one charged scalar field Φ which affects the decay of the false vacuum,

3. the U(1) symmetry is spontaneously broken in the false vacuum.

More general cases, in particular, the case where the U(1) symmetry is preserved at the false
vacuum, will be discussed elsewhere [25].

First, let us explain the set up of our analysis. The Euclidean Lagrangian is given by

L =
1

4
FµνFµν + [(∂µ + igAµ)Φ

†][(∂µ − igAµ)Φ] + V + LG.F. + Lghost, (2)

where Aµ is the gauge field, Fµν = ∂µAν − ∂νAµ, and V is the scalar potential. In addition,
LG.F. and Lghost are the gauge-fixing term and the terms containing FP ghosts (denoted as
c and c̄), respectively. We use the following gauge-fixing function:#3

F = ∂µAµ − 2ξg(ReΦ)(ImΦ) = ∂µAµ +
i

2
ξg(Φ2 − Φ†2), (3)

with which

LG.F. =
1

2ξ
F2, (4)

and

Lghost = c̄
[
−∂µ∂µ + ξg2(Φ2 + Φ†2)

]
c. (5)

The scalar potential V has true and false vacua. The field configuration of the false
vacuum is expressed as

(Aµ,Φ)false vacuum = (0, v/
√
2), (6)

with v being a constant which is non-vanishing in this letter.
The false vacuum decay is dominated by the classical path, so-called the bounce [19].

When v #= 0, the bounce solution, which is O(4) symmetric [26, 27], is given in the following
form:

(Aµ,Φ)bounce = (0, φ̄(r)/
√
2), (7)

#2The application of our prescription to the case of non-abelian gauge symmetry is straightforward.
#3Previous studies used different type of the gauge-fixing functions: ∂µAµ−

√
2ξgφ̄ReΦ, around the bounce

(i.e., Φ = φ̄/
√
2), and ∂µAµ −

√
2ξgvImΦ, around the false vacuum (i.e., Φ = v/

√
2). Expanding the fields

around the solution of the classical equation of motion, we obtain the same gauge-fixing functions as the
previous studies at least at the one-loop level, although our gauge-fixing function can be used both around
the bounce and around the false vacuum.
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L =
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4
FµνFµν + [(∂µ + igAµ)Φ

†][(∂µ − igAµ)Φ] + V + LG.F. + Lghost, (2)

where Aµ is the gauge field, Fµν = ∂µAν − ∂νAµ, and V is the scalar potential. In addition,
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c and c̄), respectively. We use the following gauge-fixing function:#3
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with which

LG.F. =
1

2ξ
F2, (4)

and

Lghost = c̄
[
−∂µ∂µ + ξg2(Φ2 + Φ†2)

]
c. (5)

The scalar potential V has true and false vacua. The field configuration of the false
vacuum is expressed as

(Aµ,Φ)false vacuum = (0, v/
√
2), (6)

with v being a constant which is non-vanishing in this letter.
The false vacuum decay is dominated by the classical path, so-called the bounce [19].

When v #= 0, the bounce solution, which is O(4) symmetric [26, 27], is given in the following
form:

(Aµ,Φ)bounce = (0, φ̄(r)/
√
2), (7)

#2The application of our prescription to the case of non-abelian gauge symmetry is straightforward.
#3Previous studies used different type of the gauge-fixing functions: ∂µAµ−

√
2ξgφ̄ReΦ, around the bounce

(i.e., Φ = φ̄/
√
2), and ∂µAµ −

√
2ξgvImΦ, around the false vacuum (i.e., Φ = v/

√
2). Expanding the fields

around the solution of the classical equation of motion, we obtain the same gauge-fixing functions as the
previous studies at least at the one-loop level, although our gauge-fixing function can be used both around
the bounce and around the false vacuum.

2

� =
1p
2
(�̄+ h+ i')

�̄

V

Lagrangian

Gauge fixing function

: bounce solution (real function)

: potential of �

(ξ=1 of this gauge is used in the previous studies)

U(1)



Potential

Field valuev 6= 0

False vacuum True vacuum

V

Gauge symmetry is broken at the false vacuum

There are two vacua at the tree level

En
er
gy

(For a loop induced true vacuum like the SM, see e.g. S. Chigusa, T. Moroi, YS, ’17, ’18)



Pre-factor

Gauge boson 
NG boson FP ghost Other scalars 

Fermions 

L � 2g(@µ�̄)Aµ'

Mixing appears from
include ξ parameter

We also show theξ-independence

A = A(Aµ,')A(c,c̄)A(extra)



FP ghost

A(c,c̄) =
det[�@2 + ⇠g2�̄2]

det[�@2 + ⇠g2v2]

=
1Y

J=0

✓
det[��J + ⇠g2�̄2]

det[��J + ⇠g2v2]

◆(2J+1)2
Since bounce is O(4) symmetric, we can use the partial wave expansion.

�J = @2
r +

3

r
@r �

L2

r2
L =

p
4J(J + 1)

A = A(Aµ,')A(c,c̄)A(extra)

ξ-dependent



Gauge-NG
A = A(Aµ,')A(c,c̄)A(extra)

A(Aµ,') = A(S,L,')A(T )

A(T ) =
1Y

J=1/2

✓
det[��J + g2�̄2]

det[��J + g2v2]

◆�(2J+1)2

ξ-independent

ξ-dependent
A(S,L,') =

1Y

J=0

 
detM(S,L,')

J

det cM(S,L,')
J

!�(2J+1)2/2



Gauge-NG
A(S,L,') =

1Y

J=0

 
detM(S,L,')

J

det cM(S,L,')
J

!�(2J+1)2/2i.e., SU(2)A × SU(2)B) are J(J + 1), J(J + 1), mA, and mB, respectively. Notice that

J = 0, 1
2 , 1, · · · . In addition, V (1)

ν and V (2)
ν are (arbitrary) two independent vectors, Lρσ ≡

i√
2
(xρ∂σ − xσ∂ρ), and

L ≡
√

4J(J + 1). (17)

For J > 0, the fluctuation operator for (αS,αL,αϕ) is obtained as

M(S,L,ϕ)
J ≡





−∆J +
3

r2
+ g2φ̄2 −

2L

r2
2gφ̄′

−
2L

r2
−∆J −

1

r2
+ g2φ̄2 0

2gφ̄′ 0 −∆J +
(∆0φ̄)

φ̄
+ ξg2φ̄2





+

(
1−

1

ξ

)





∂2r +
3

r
∂r −

3

r2
−L

(
1

r
∂r −

1

r2

)
0

L

(
1

r
∂r +

3

r2

)
−
L2

r2
0

0 0 0




, (18)

where φ̄′ ≡ ∂rφ̄, and

∆J ≡ ∂2r +
3

r
∂r −

L2

r2
. (19)

For J = 0, αL-mode does not exist, and the fluctuation operator is in 2× 2 form as

M(S,ϕ)
J=0 ≡





1

ξ

(
−∆0 +

3

r2
+ ξg2φ̄2

)
2gφ̄′

2gφ̄′ −∆0 +
(∆0φ̄)

φ̄
+ ξg2φ̄2



 . (20)

In addition, the fluctuation operator for the transverse modes, the Higgs mode, and the FP
ghost mode are given by

M(T )
J = −∆J + g2φ̄2 (21)

M(h)
J = [−∆J + VΦΦ† ]Φ→φ̄/

√
2 , (22)

M(c̄,c)
J = −∆J + ξg2φ̄2, (23)

with VΦΦ† ≡ ∂2V/∂Φ∂Φ†.

We also need the fluctuation operators around the false vacuum, denoted as M̂(S,L,ϕ)
J ,

M̂(T )
J , and so on. (Here and hereafter, the “hat” is used for objects related to the false

4

Gauge boson NG boson

(The middle column and row elements are absent when J=0)



Functional 
determinant



Theorem

detM
det cM

=

 
lim
r!1

det[ 1(r) · · · n(r)]

det[ ̂1(r) · · ·  ̂n(r)]

! 
lim
r!0

det[ 1(r) · · · n(r)]

det[ ̂1(r) · · ·  ̂n(r)]

!�1

M, cM : (n x n) radial fluctuation operators

M i = 0, cM ̂i = 0 : independent solutions (regular at r=0)

[J. H. van Vleck, ’28; R. H. Cameron and W. T. Martin, ’45; …]

We give a proof for our case in JHEP11(2017)074



FP ghost
A(c,c̄) =

1Y

J=0

✓
det[��J + ⇠g2�̄2]

det[��J + ⇠g2v2]

◆(2J+1)2

[��J + ⇠g2'2]f (FP)
J = 0,

[��J + ⇠g2v2]f̂ (FP)
J = 0 with lim

r!0

f (FP)
J (r)

r2J
= lim

r!0

f̂ (FP)
J (r)

r2J
= 1

=
1Y

J=0

 
lim
r!1

f (FP)
J (r)

f̂ (FP)
J (r)

!(2J+1)2



Gauge-NG
A(S,L,') =

1Y

J=0

 
detM(S,L,')

J

det cM(S,L,')
J

!�(2J+1)2/2

M(S,L,')
J  i = 0

cM(S,L,')
J  ̂i = 0

detM(S,L,')
J

det cM(S,L,')
J

=

 
lim
r!1

det[ 1(r) 2(r) 3(r)]

det[ ̂1(r) ̂2(r) ̂3(r)]

! 
lim
r!0

det[ 1(r) 2(r) 3(r)]

det[ ̂1(r) ̂2(r) ̂3(r)]

!�1

: independent (regular) solutions



Solutions to 
differential equations



Differential equationsi.e., SU(2)A × SU(2)B) are J(J + 1), J(J + 1), mA, and mB, respectively. Notice that

J = 0, 1
2 , 1, · · · . In addition, V (1)

ν and V (2)
ν are (arbitrary) two independent vectors, Lρσ ≡

i√
2
(xρ∂σ − xσ∂ρ), and

L ≡
√

4J(J + 1). (17)

For J > 0, the fluctuation operator for (αS,αL,αϕ) is obtained as

M(S,L,ϕ)
J ≡





−∆J +
3

r2
+ g2φ̄2 −

2L

r2
2gφ̄′

−
2L

r2
−∆J −

1

r2
+ g2φ̄2 0

2gφ̄′ 0 −∆J +
(∆0φ̄)

φ̄
+ ξg2φ̄2





+

(
1−

1

ξ

)





∂2r +
3

r
∂r −

3

r2
−L

(
1

r
∂r −

1

r2

)
0

L

(
1

r
∂r +

3

r2

)
−
L2

r2
0

0 0 0




, (18)

where φ̄′ ≡ ∂rφ̄, and

∆J ≡ ∂2r +
3

r
∂r −

L2

r2
. (19)

For J = 0, αL-mode does not exist, and the fluctuation operator is in 2× 2 form as

M(S,ϕ)
J=0 ≡





1

ξ

(
−∆0 +

3

r2
+ ξg2φ̄2

)
2gφ̄′

2gφ̄′ −∆0 +
(∆0φ̄)

φ̄
+ ξg2φ̄2



 . (20)

In addition, the fluctuation operator for the transverse modes, the Higgs mode, and the FP
ghost mode are given by

M(T )
J = −∆J + g2φ̄2 (21)

M(h)
J = [−∆J + VΦΦ† ]Φ→φ̄/

√
2 , (22)

M(c̄,c)
J = −∆J + ξg2φ̄2, (23)

with VΦΦ† ≡ ∂2V/∂Φ∂Φ†.

We also need the fluctuation operators around the false vacuum, denoted as M̂(S,L,ϕ)
J ,

M̂(T )
J , and so on. (Here and hereafter, the “hat” is used for objects related to the false

4

M(S,L,')
J  i = 0

We want to find solutions to

with using f (FP)
J , f̂ (FP)

J



Solutions
Hereafter, we use the fact that the solution of Eq. (36) can be decomposed as

Ψ ≡




Ψ(top)

Ψ(mid)

Ψ(bot)



 =





∂rχ

L

r
χ

gφ̄χ




+





1

rg2φ̄2
η

1

Lr2g2φ̄2
∂r(r

2η)

0




+





−2
φ̄′

g2φ̄3
ζ

0

1

gφ̄
ζ




, (41)

where the functions χ, η, and ζ obey the following equations:

(∆J − ξg2φ̄2)χ =
2φ̄′

rg2φ̄3
η +

2

r3
∂r

(
r3φ̄′

g2φ̄3
ζ

)
, (42)

(∆J − g2φ̄2)η −
2φ̄′

r2φ̄
∂r

(
r2η

)
= −

2L2φ̄′

rφ̄
ζ , (43)

(∆J − ξg2φ̄2)ζ = 0. (44)

Then, the following identities hold:#5

∂rΨ
(top) = −

3

r
Ψ(top) +

L

r
Ψ(mid) + ξg2φ̄2χ, (45)

∂rΨ
(mid) =

L

r
Ψ(top) −

1

r
Ψ(mid) +

1

L
η. (46)

Hereafter, we give three independent solutions ΨI (I = 1−3) of Eq. (36), and show their
boundary conditions at r = 0. The solutions can be constructed with the following three
sets of the functions (χI , ηI , ζI):

1. For Ψ1, we take η1 = ζ1 = 0, and

χ1 = f (FP)
J , (47)

with which Eqs. (42), (43) and (44) are satisfied. Then,

Ψ1(r → 0) $




2Jr2J−1

Lr2J−1

gφ̄Cr2J



 , (48)

where

φ̄C ≡ φ̄(r = 0). (49)
#5At the leading order in fluctuations, Eq. (45) is equivalent to αF + ξζ = 0, where αF is the radial mode

function of the gauge fixing function, i.e., F(x) % αF(r)YJ,mA ,mB
.
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M(S,L,')
J  i = 0

FP

FP

�
�J � ⇠g2�̄2

�
� =

2�̄0

rg2�̄3
⌘ +

2

r3
@r

✓
r3�̄0

g2�̄3
⇣

◆
,

✓
�J � g2�̄2 � 2

�̄0

�̄

1

r2
@rr

2

◆
⌘ = �2L2�̄0

r�̄
⇣,

�
�J � ⇠g2�̄2

�
⇣ = 0



Solution 1
� = f (FP)

J , ⌘ = 0, ⇣ = 0

0�
�J � ⇠g2�̄2

�
� =

2�̄0

rg2�̄3
⌘ +

2

r3
@r

✓
r3�̄0

g2�̄3
⇣

◆
,

✓
�J � g2�̄2 � 2

�̄0

�̄

1

r2
@rr

2

◆
⌘ = �2L2�̄0

r�̄
⇣,

�
�J � ⇠g2�̄2

�
⇣ = 0

FP



Solution 2
⌘ = f (⌘)

J , ⇣ = 0

(�J � ⇠g2�̄2)� =
2�̄0

rg2�̄3
⌘

0

�
�J � ⇠g2�̄2

�
� =

2�̄0

rg2�̄3
⌘ +

2

r3
@r

✓
r3�̄0

g2�̄3
⇣

◆
,

✓
�J � g2�̄2 � 2

�̄0

�̄

1

r2
@rr

2

◆
⌘ = �2L2�̄0

r�̄
⇣,

�
�J � ⇠g2�̄2

�
⇣ = 0



Solution 3
⇣ = f (FP)

J

Hereafter, we use the fact that the solution of Eq. (36) can be decomposed as

Ψ ≡




Ψ(top)

Ψ(mid)

Ψ(bot)



 =





∂rχ

L

r
χ

gφ̄χ




+





1

rg2φ̄2
η

1

Lr2g2φ̄2
∂r(r

2η)

0




+





−2
φ̄′

g2φ̄3
ζ

0

1

gφ̄
ζ




, (41)

where the functions χ, η, and ζ obey the following equations:

(∆J − ξg2φ̄2)χ =
2φ̄′

rg2φ̄3
η +

2

r3
∂r
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r3φ̄′

g2φ̄3
ζ

)
, (42)

(∆J − g2φ̄2)η −
2φ̄′

r2φ̄
∂r

(
r2η

)
= −

2L2φ̄′

rφ̄
ζ , (43)

(∆J − ξg2φ̄2)ζ = 0. (44)

Then, the following identities hold:#5

∂rΨ
(top) = −

3

r
Ψ(top) +

L

r
Ψ(mid) + ξg2φ̄2χ, (45)

∂rΨ
(mid) =

L

r
Ψ(top) −

1

r
Ψ(mid) +

1

L
η. (46)

Hereafter, we give three independent solutions ΨI (I = 1−3) of Eq. (36), and show their
boundary conditions at r = 0. The solutions can be constructed with the following three
sets of the functions (χI , ηI , ζI):

1. For Ψ1, we take η1 = ζ1 = 0, and

χ1 = f (FP)
J , (47)

with which Eqs. (42), (43) and (44) are satisfied. Then,

Ψ1(r → 0) $




2Jr2J−1

Lr2J−1

gφ̄Cr2J



 , (48)

where

φ̄C ≡ φ̄(r = 0). (49)
#5At the leading order in fluctuations, Eq. (45) is equivalent to αF + ξζ = 0, where αF is the radial mode

function of the gauge fixing function, i.e., F(x) % αF(r)YJ,mA ,mB
.
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ζ , (43)
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Then, the following identities hold:#5
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(top) = −
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1

r
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Hereafter, we give three independent solutions ΨI (I = 1−3) of Eq. (36), and show their
boundary conditions at r = 0. The solutions can be constructed with the following three
sets of the functions (χI , ηI , ζI):

1. For Ψ1, we take η1 = ζ1 = 0, and

χ1 = f (FP)
J , (47)

with which Eqs. (42), (43) and (44) are satisfied. Then,

Ψ1(r → 0) $
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
2Jr2J−1

Lr2J−1

gφ̄Cr2J


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where
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�
�J � ⇠g2�̄2

�
� =

2�̄0

rg2�̄3
⌘ +

2

r3
@r

✓
r3�̄0

g2�̄3
⇣

◆
,

✓
�J � g2�̄2 � 2

�̄0

�̄

1

r2
@rr

2

◆
⌘ = �2L2�̄0

r�̄
⇣,

�
�J � ⇠g2�̄2

�
⇣ = 0

FP



Result

detM(S,L,')
J

det cM(S,L,')
J

=

 
lim
r!1

det[ 1(r) 2(r) 3(r)]

det[ ̂1(r) ̂2(r) ̂3(r)]

! 
lim
r!0

det[ 1(r) 2(r) 3(r)]

det[ ̂1(r) ̂2(r) ̂3(r)]

!�1

=
�̄(0)

v
lim
r!1

f
(⌘)
J (r)

h
f
(FP)
J (r)

i2

f̂
(⌘)
J (r)

h
f̂
(FP)
J (r)

i2


1 +O

✓
1

r

◆�

Dominates the result for large r

Non-tribial gauge dependence disappears

= (a large part of our paper is devoted to this calculation)
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r2J
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ξ-independent

= · · ·


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@rr
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Gauge zero mode 
(       )v = 0



Potential
En
er
gy

Field value

False vacuum True vacuum

V

Gauge symmetry is preserved at the false vacuum

v = 0



Gauge zero mode in the 
background gauge

i.e., SU(2)A × SU(2)B) are J(J + 1), J(J + 1), mA, and mB, respectively. Notice that

J = 0, 1
2 , 1, · · · . In addition, V (1)

ν and V (2)
ν are (arbitrary) two independent vectors, Lρσ ≡

i√
2
(xρ∂σ − xσ∂ρ), and

L ≡
√

4J(J + 1). (17)

For J > 0, the fluctuation operator for (αS,αL,αϕ) is obtained as

M(S,L,ϕ)
J ≡





−∆J +
3

r2
+ g2φ̄2 −

2L

r2
2gφ̄′

−
2L

r2
−∆J −

1

r2
+ g2φ̄2 0

2gφ̄′ 0 −∆J +
(∆0φ̄)

φ̄
+ ξg2φ̄2





+

(
1−

1

ξ

)





∂2r +
3

r
∂r −

3

r2
−L

(
1

r
∂r −

1

r2

)
0

L

(
1

r
∂r +

3

r2

)
−
L2

r2
0

0 0 0




, (18)

where φ̄′ ≡ ∂rφ̄, and

∆J ≡ ∂2r +
3

r
∂r −

L2

r2
. (19)

For J = 0, αL-mode does not exist, and the fluctuation operator is in 2× 2 form as

M(S,ϕ)
J=0 ≡





1

ξ

(
−∆0 +

3

r2
+ ξg2φ̄2

)
2gφ̄′

2gφ̄′ −∆0 +
(∆0φ̄)

φ̄
+ ξg2φ̄2



 . (20)

In addition, the fluctuation operator for the transverse modes, the Higgs mode, and the FP
ghost mode are given by

M(T )
J = −∆J + g2φ̄2 (21)

M(h)
J = [−∆J + VΦΦ† ]Φ→φ̄/

√
2 , (22)

M(c̄,c)
J = −∆J + ξg2φ̄2, (23)

with VΦΦ† ≡ ∂2V/∂Φ∂Φ†.

We also need the fluctuation operators around the false vacuum, denoted as M̂(S,L,ϕ)
J ,

M̂(T )
J , and so on. (Here and hereafter, the “hat” is used for objects related to the false

4
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Gauge boson NG boson

has a zero eigenvalue

Zero mode

� 0 =

✓
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◆

M(S,')
J=0 � 0 = 0



Gauge zero mode in the 
background gauge

Gauge boson

NG boson

However, if we “rotate” the VEV toward the zero mode,

� 0 =

✓
@rf(r)

g�̄(r)f(r)

◆

Gauge boson gets a VEV

Bounce has a position dependent phase

The “global symmetry” is highly non-trivial
It is difficult to integrate over the moduli space
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Fermi gauge
1. the gauge symmetry is U(1),#2

2. there is only one charged scalar field Φ which affects the decay of the false vacuum,

3. the U(1) symmetry is spontaneously broken in the false vacuum.

More general cases, in particular, the case where the U(1) symmetry is preserved at the false
vacuum, will be discussed elsewhere [25].

First, let us explain the set up of our analysis. The Euclidean Lagrangian is given by

L =
1

4
FµνFµν + [(∂µ + igAµ)Φ

†][(∂µ − igAµ)Φ] + V + LG.F. + Lghost, (2)

where Aµ is the gauge field, Fµν = ∂µAν − ∂νAµ, and V is the scalar potential. In addition,
LG.F. and Lghost are the gauge-fixing term and the terms containing FP ghosts (denoted as
c and c̄), respectively. We use the following gauge-fixing function:#3

F = ∂µAµ − 2ξg(ReΦ)(ImΦ) = ∂µAµ +
i

2
ξg(Φ2 − Φ†2), (3)

with which

LG.F. =
1

2ξ
F2, (4)

and

Lghost = c̄
[
−∂µ∂µ + ξg2(Φ2 + Φ†2)

]
c. (5)

The scalar potential V has true and false vacua. The field configuration of the false
vacuum is expressed as

(Aµ,Φ)false vacuum = (0, v/
√
2), (6)

with v being a constant which is non-vanishing in this letter.
The false vacuum decay is dominated by the classical path, so-called the bounce [19].

When v #= 0, the bounce solution, which is O(4) symmetric [26, 27], is given in the following
form:

(Aµ,Φ)bounce = (0, φ̄(r)/
√
2), (7)

#2The application of our prescription to the case of non-abelian gauge symmetry is straightforward.
#3Previous studies used different type of the gauge-fixing functions: ∂µAµ−

√
2ξgφ̄ReΦ, around the bounce

(i.e., Φ = φ̄/
√
2), and ∂µAµ −

√
2ξgvImΦ, around the false vacuum (i.e., Φ = v/

√
2). Expanding the fields

around the solution of the classical equation of motion, we obtain the same gauge-fixing functions as the
previous studies at least at the one-loop level, although our gauge-fixing function can be used both around
the bounce and around the false vacuum.
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Lagrangian

Gauge fixing function

The gauge fixing term does not break the naive global symmetry

� =
1p
2
(�̄+ h+ i')

: bounce solution (real function)

: potential of �



FP ghost
A = A(Aµ,')A(c,c̄)A(extra)

A(c,c̄) =
det[�@2]

det[�@2]
= 1

ξ-independent



Gauge-NG
A = A(Aµ,')A(c,c̄)A(extra)

A(Aµ,') = A(S,L,')A(T )

A(T ) =
1Y

J=1/2

✓
det[��J + g2�̄2]

det[��J + g2v2]

◆�(2J+1)2

ξ-independent

Includes ξ-parameter
A(S,L,') =

1Y

J=0

 
detM(S,L,')

J

det cM(S,L,')
J

!�(2J+1)2/2

The same as in the BG gauge



Gauge-NG
A(S,L,') =

1Y

J=0

 
detM(S,L,')

J

det cM(S,L,')
J

!�(2J+1)2/2

Gauge boson NG boson

(The middle column and row elements are absent when J=0)

other. For J > 0, the fluctuation operator for (αS,αL,αϕ) is given by

M(S,L,ϕ)
J ≡





−∆J +
3

r2
+ g2φ̄2 −2L

r2
gφ̄′ − gφ̄∂r

−2L

r2
−∆J − 1

r2
+ g2φ̄2 −L

r
gφ̄

2gφ̄′ + gφ̄∂r +
3

r
gφ̄ −L

r
gφ̄ −∆J +

(∆0φ̄)

φ̄





+

(
1− 1

ξ

)





∂2r +
3

r
∂r −

3

r2
−L

(
1

r
∂r −

1

r2

)
0

L

(
1

r
∂r +

3

r2

)
−L2

r2
0

0 0 0




, (2.20)

where φ̄′ ≡ ∂rφ̄, and

∆J ≡ ∂2r +
3

r
∂r −

L2

r2
. (2.21)

For J = 0, αL-mode does not exist, and the fluctuation operator is in the form of 2 × 2
differential operator; M(S,ϕ)

J=0 is obtained from Eq. (2.20) by eliminating the second row and
the second column:

M(S,ϕ)
J=0 ≡





1

ξ

(
−∆0 +

3

r2
+ ξg2φ̄2

)
gφ̄′ − gφ̄∂r

2gφ̄′ + gφ̄∂r +
3

r
gφ̄ −∆0 +

(∆0φ̄)

φ̄



 . (2.22)

In addition, the fluctuation operator of the transverse modes is given by

M(T )
J = −∆J + g2φ̄2. (2.23)

while that of the FP ghosts is

M(c̄,c)
J = −∆J . (2.24)

The radial mode functions can be expanded by using the eigenfunctions of these fluctuation
operators.

We also need fluctuation operators around the false vacuum, which are denoted as
M̂(Aµ,ϕ), M̂(S,L,ϕ)

J , M̂(T )
J , and so on. (In this paper, the “hat” is used for objects around the

false vacuum.) They can be obtained from the corresponding fluctuation operators around
the bounce by replacing φ̄ → v, and φ̄′ → 0. For the case of v = 0, (∆0φ̄)/φ̄ should be
replaced by m2

φ.
Finally, let us comment on the contribution of the Higgs mode. In this paper, we concen-

trate on the case where there exists only one charged scalar field which has non-vanishing

6

different from BG gauge



Solutions
Hereafter, we use the fact that the solution of Eq. (36) can be decomposed as

Ψ ≡




Ψ(top)

Ψ(mid)

Ψ(bot)



 =





∂rχ

L

r
χ

gφ̄χ




+





1

rg2φ̄2
η

1

Lr2g2φ̄2
∂r(r

2η)

0




+





−2
φ̄′

g2φ̄3
ζ

0

1

gφ̄
ζ




, (41)

where the functions χ, η, and ζ obey the following equations:

(∆J − ξg2φ̄2)χ =
2φ̄′

rg2φ̄3
η +

2

r3
∂r

(
r3φ̄′

g2φ̄3
ζ

)
, (42)

(∆J − g2φ̄2)η −
2φ̄′

r2φ̄
∂r

(
r2η

)
= −

2L2φ̄′

rφ̄
ζ , (43)

(∆J − ξg2φ̄2)ζ = 0. (44)

Then, the following identities hold:#5

∂rΨ
(top) = −

3

r
Ψ(top) +

L

r
Ψ(mid) + ξg2φ̄2χ, (45)

∂rΨ
(mid) =

L

r
Ψ(top) −

1

r
Ψ(mid) +

1

L
η. (46)

Hereafter, we give three independent solutions ΨI (I = 1−3) of Eq. (36), and show their
boundary conditions at r = 0. The solutions can be constructed with the following three
sets of the functions (χI , ηI , ζI):

1. For Ψ1, we take η1 = ζ1 = 0, and

χ1 = f (FP)
J , (47)

with which Eqs. (42), (43) and (44) are satisfied. Then,

Ψ1(r → 0) $




2Jr2J−1

Lr2J−1

gφ̄Cr2J



 , (48)

where

φ̄C ≡ φ̄(r = 0). (49)
#5At the leading order in fluctuations, Eq. (45) is equivalent to αF + ξζ = 0, where αF is the radial mode

function of the gauge fixing function, i.e., F(x) % αF(r)YJ,mA ,mB
.
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M(S,L,')
J  i = 0

�
�J � ⇠g2�̄2

�
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2�̄0
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2

r3
@r

✓
r3�̄0

g2�̄3
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◆
,

✓
�J � g2�̄2 � 2

�̄0

�̄

1

r2
@rr

2

◆
⌘ = �2L2�̄0

r�̄
⇣,

�
�J � ⇠g2�̄2

�
⇣ = 0

�⇠⇣

The same as in the BG gauge!



Gauge zero mode 
(       )v = 0



Gauge zero mode in the 
Fermi gauge
Gauge boson NG boson

Zero mode

other. For J > 0, the fluctuation operator for (αS,αL,αϕ) is given by

M(S,L,ϕ)
J ≡





−∆J +
3

r2
+ g2φ̄2 −2L

r2
gφ̄′ − gφ̄∂r

−2L

r2
−∆J − 1

r2
+ g2φ̄2 −L

r
gφ̄

2gφ̄′ + gφ̄∂r +
3

r
gφ̄ −L

r
gφ̄ −∆J +

(∆0φ̄)

φ̄


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ξ
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r
∂r −
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(
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r
∂r +
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r2
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−L2

r2
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
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, (2.20)

where φ̄′ ≡ ∂rφ̄, and

∆J ≡ ∂2r +
3

r
∂r −

L2

r2
. (2.21)

For J = 0, αL-mode does not exist, and the fluctuation operator is in the form of 2 × 2
differential operator; M(S,ϕ)

J=0 is obtained from Eq. (2.20) by eliminating the second row and
the second column:

M(S,ϕ)
J=0 ≡





1

ξ

(
−∆0 +

3

r2
+ ξg2φ̄2

)
gφ̄′ − gφ̄∂r

2gφ̄′ + gφ̄∂r +
3

r
gφ̄ −∆0 +

(∆0φ̄)

φ̄



 . (2.22)

In addition, the fluctuation operator of the transverse modes is given by

M(T )
J = −∆J + g2φ̄2. (2.23)

while that of the FP ghosts is

M(c̄,c)
J = −∆J . (2.24)

The radial mode functions can be expanded by using the eigenfunctions of these fluctuation
operators.

We also need fluctuation operators around the false vacuum, which are denoted as
M̂(Aµ,ϕ), M̂(S,L,ϕ)

J , M̂(T )
J , and so on. (In this paper, the “hat” is used for objects around the

false vacuum.) They can be obtained from the corresponding fluctuation operators around
the bounce by replacing φ̄ → v, and φ̄′ → 0. For the case of v = 0, (∆0φ̄)/φ̄ should be
replaced by m2

φ.
Finally, let us comment on the contribution of the Higgs mode. In this paper, we concen-

trate on the case where there exists only one charged scalar field which has non-vanishing
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The rotation toward the zero mode does not change the fluctuation matrix

Naive phase rotation



Zero mode subtraction
M(S,')

J=0 � 0 = 0

detM(S,')
J=0 = 0 · �1 · �2 · · ·

det[M(S,')
J=0 + diag(⌫, ⌫)] = ⌫ · (⌫ + �1) · (⌫ + �2) · · ·

Add a “mass” term
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Thus, the determinant after the zero mode subtraction is



Zero mode integration
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Jacobian
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(From the normalization of the path integral)



Conversion relation



Single-field bounce
Without gauge zero modes

With gauge zero modes
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Numerical evaluation

Integration over the moduli space

(Zero modes are subtracted similarly as in the Fermi gauge)
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Multi-field bounce
Without gauge zero modes

With gauge zero modes

A0
Fermi =

s
1

g2
R
drr3�̄2(r)

lim
r!1

r3
@rfFP(r)

fFP(r)
A0

BG (1)

A0
Fermi = A0

BG (2)

A ⇠ m4 (3)

1

Then, from Eq. (2.5),
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From Eq. (2.10), we obtain
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because ⌦ is gauge invariant. It implies that (@r�̄)TT a�̄ should be proportional to r−3 or
zero. Since it should vanish at the origin,
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For the later convenience, we define
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Using Eq. (2.13), the following relation holds:

M
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where M ′ = @rM . Notice that the gauge boson mass matrix in the false vacuum is given by
MTM(r →∞).

In our analysis, we concentrate on the case where the following conditions hold:

• The rank of the matrix MTM(r) is unchanged for r <∞. (At the false vacuum, some
of the broken gauge symmetries may be recovered so that the ranks of MTM(r <∞)

and MTM(∞) may be di↵erent.)

• There are no zero modes except for the gauge zero modes and the translational zero
modes.

• At a large r, MTM(r) approaches to MTM(∞) exponentially.

The second condition is just for simplicity and our results can be extended to the cases with
additional zero modes. The third condition is violated when the theory has the (approximate)
scale invariance, which has already been discussed for the single-field case [?,?,?] and the
multi-field case [?].

We define the subset of gauge fields that acquire masses from the bounce at r <∞. Then,
we define the following numbers:
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Numerical evaluation

Integration over the moduli space

[S. Chigusa, T. Moroi, YS, ’20]



Summary
• The lifetime of a metastable vacuum is a fundamental and 
interesting quantity and its precise determination is very 
important 

• In the calculation of the prefactor, gauge zero modes can 
appear and their correct treatment had been unknown 

• We proposed a way to treat the gauge zero modes and 
enabled the full one-loop calculation of the pre-factor for 
generic models 

• We also showed the gauge parameter independence for both 
the background gauge and the fermi gauge


