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Setup
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Gauge fixing
One complex scalar + U(1) gauge boson

Background gauge 
~  gauge in the broken phase~Rξ

Fermi gauge 
~  gauge in the symmetric phase~Rξ

ℒ =
1
4

FμνFμν + |DΦ |2 + V( |Φ | ) + ℒGF + ℒghost

ℒGF =
1
2ξ [∂μAμ − 2ξg(ℜΦ)(ℑΦ)]

2

ℒghost = c̄ [−∂2 + 2ξg2 |Φ |2 ] c

ℒGF =
1
2ξ [∂μAμ]

2

ℒghost = c̄ [−∂2] c

|Φ |

V( |Φ | )
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Gauge-scalar mixing

|DΦ |2 ⊃ gAμ[a(∂μϕ̄)−ϕ̄(∂μa)]

Φ =
ϕ̄ + h + ia

2

1
2ξ [∂μAμ − 2ξg(ℜΦ)(ℑΦ)]

2
⊃ gAμ[a(∂μϕ̄)+ϕ̄(∂μa)]

: Bounceϕ̄

Kinetic term:

Gauge fixing term (BG): When the background is not constant,  and  mix with each otherAμ a

Does the background gauge kill the mixing term? No!
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Partial wave expansions

h(x) = hl,mA,mB
(r)Yl,mA,mB

(Ω)

a(x) = al,mA,mB
(r)Yl,mA,mB

(Ω)

c(x) = cl,mA,mB
(r)Yl,mA,mB

(Ω)

Lorentz (pseudo-)scalar Lorentz vector

Aμ(x) = aS
l,mA,mB

(r)
xμ

r
Yl,mA,mB

(Ω)

+aL
l,mA,mB

(r)
r
L

∂μYl,mA,mB
(Ω)

+aT1
l,mA,mB

(r)iϵμνρσV(1)
ν LρσYl,mA,mB

(Ω)

+aT2
l,mA,mB

(r)iϵμνρσV(2)
ν LρσYl,mA,mB

(Ω)

Lμν =
i

2
(xμ∂ν − xν∂μ) : independent vectorsV (i)

μ

They mix with each other
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Functional determinant
Background gauge

[S, L, a]

[T1,T2]

l = 0

l > 0

[c, c̄]

ℳ(T)
l = − Δl + g2ϕ̄2

× 2

ℳ(cc̄)
l = − Δl + ξg2ϕ̄2

× 2

ℳ(SLa)
l =

−Δl + 3
r2 + g2ϕ̄2 − 2L

r2 2gϕ̄′ 

− 2L
r2 −Δl − 1

r2 + g2ϕ̄2 0

2gϕ̄′ 0 −Δl +
(Δ0ϕ̄)

ϕ̄
+ ξg2ϕ̄2

ℳ(Sa)
0 =

1
ξ (−Δ0 + 3

r2 + ξg2ϕ̄2) 2gϕ̄′ 

2gϕ̄′ −Δ0 +
(Δ0ϕ̄)

ϕ̄
+ ξg2ϕ̄2

l > 0

l ≥ 0

Δl = ∂2
r +

3
r

∂r −
L2

r2
L = l(l + 2)

+(1 −
1
ξ )

∂2
r + 3

r ∂r − 3
r2 −L ( 1

r ∂r − 1
r2 ) 0

L ( 1
r ∂r + 3

r2 ) − L2

r2 0

0 0 0

Diagonalisable

BG vs Fermi

Zero at  and r = 0 r = ∞

BG gauge with  is often used for numerical calculationsξ = 1

cancel accidentally when ξ = 1
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Functional determinant
Fermi gauge

[S, L, a]

[T1,T2]

l = 0

l > 0

[c, c̄]

ℳ(T)
l = − Δl + g2ϕ̄2

× 2

ℳ(cc̄)
l = − Δl

× 2

ℳ(SLa)
l =

−Δl + 3
r2 + g2ϕ̄2 − 2L

r2 gϕ̄′ − gϕ̄∂r

− 2L
r2 −Δl − 1

r2 + g2ϕ̄2 − L
r gϕ̄

2gϕ̄′ + gϕ̄∂r + 3
r gϕ̄ − L

r gϕ̄ −Δl +
(Δ0ϕ̄)

ϕ̄

ℳ(Sa)
0 =

1
ξ (−Δ0 + 3

r2 + ξg2ϕ̄2) gϕ̄′ − gϕ̄∂r

2gϕ̄′ + gϕ̄∂r + 3
r gϕ̄ −Δ0 +

(Δ0ϕ̄)

ϕ̄

l > 0

l ≥ 0

Δl = ∂2
r +

3
r

∂r −
L2

r2
L = l(l + 2)

+(1 −
1
ξ )

∂2
r + 3

r ∂r − 3
r2 −L ( 1

r ∂r − 1
r2 ) 0

L ( 1
r ∂r + 3

r2 ) − L2

r2 0

0 0 0

BG vs Fermi
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Prefactor

𝒜 = JT

∞

∏
l=0 (

det′ ℳ(h)
l

det ̂ℳ (h)
l

)
−(l+1)2/2

× VGJG ( det′ ℳ(Sa)0

det ̂ℳ (Sa)
0

)
−1/2 ∞

∏
l=1 (

det ℳ(SLa)
l

det ̂ℳ (SLa)
l

)
−(l+1)2/2

×
∞

∏
l=1 (

det ℳ(T)
l

det ̂ℳ (T)
l

)
−(l+1)2

×
∞

∏
l=0 (

det ℳ(cc̄)
l

det ̂ℳ (cc̄)
l

)
(l+1)2

=1 for Fermi gauge

Manifestly gauge independent

Gauge dependence should be canceled
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Gauge independence
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Gelfand-Yaglom for gauge sector

det ℳ(SLa)
l

det ̂ℳ (SLa)
l

= [ lim
r→∞

det (ψ1(r) ψ2(r) ψ3(r))
det (ψ̂1(r) ψ̂2(r) ψ̂3(r)) ] [lim

r→0

det (ψ1(r) ψ2(r) ψ3(r))
det (ψ̂1(r) ψ̂2(r) ψ̂3(r)) ]

−1

ℳ(SLa)
l ψi(r) = 0 ̂ℳ (SLa)

l ψ̂i(r) = 0
Three independent solutions that are regular at r=0

Proof is available in [M. Endo, T. Moroi, M. M. Nojiri, YS, ’17]

(For the Fermi gauge, one cannot take the same initial conditions for the two determinants)
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Semi-analytic decomposition
Case1: gauge symmetry broken at the false vacuum

det ℳ(SLa)
l

det ̂ℳ (SLa)
l

=
ϕ̄(0)
ϕ̄(∞)

f (η)
l (∞)
̂f (η)
l (∞) (

f (cc̄)
l (∞)
̂f (cc̄)
l (∞) )

2

BG gauge Fermi gauge

det ℳ(cc̄)
l

det ̂ℳ (cc̄)
l

=
f (cc̄)
l (∞)
̂f (cc̄)
l (∞)

det ℳ(cc̄)
l

det ̂ℳ (cc̄)
l

= 1

det ℳ(SLa)
l

det ̂ℳ (SLa)
l

=
ϕ̄(0)
ϕ̄(∞)

f (η)
l (∞)
̂f (η)
l (∞)

det ℳ(Sa)
0

det ̂ℳ (Sa)
0

=
ϕ̄(∞)
ϕ̄(0) (

f (cc̄)
0 (∞)
̂f (cc̄)
0 (∞) )

2
det ℳ(Sa)

0

det ̂ℳ (Sa)
0

=
ϕ̄(∞)
ϕ̄(0)

(Δl − ξg2ϕ̄2) f (cc̄)
l = 0 (Δl − g2ϕ̄2) f (η)

l −
2ϕ̄′ 

r2ϕ̄
∂r (r2f (η)

l ) = 0
FP modes Physical modes

[M. Endo, T. Moroi, M. M. Nojiri, YS, ’17] [M. Endo, T. Moroi, M. M. Nojiri, YS, ’17]
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Gauge zero mode
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Gauge zero mode
Case2: gauge symmetry restored at the false vacuum

[A. Kusenko, K. M. Lee, E. J. Weinberg, ’97]

BG gauge Fermi gauge

1
ξ (−Δ0 + 3

r2 + ξg2ϕ̄2) gϕ̄′ − gϕ̄∂r

2gϕ̄′ + gϕ̄∂r + 3
r gϕ̄ −Δ0 +

(Δ0ϕ̄)

ϕ̄

( 0
gϕ̄) = 0

1
ξ (−Δ0 + 3

r2 + ξg2ϕ̄2) 2gϕ̄′ 

2gϕ̄′ −Δ0 +
(Δ0ϕ̄)

ϕ̄
+ ξg2ϕ̄2 (∂r f (cc̄)

gϕ̄f (cc̄)) = 0

Scalar potential is lifted

Φ → eiθΦ, Aμ → AμΦ → ?, Aμ → ?

VG = 2π
VG = ?
JG = ? JG = π∫ drr3ϕ̄2

Global symmetry: Global symmetry:

Determine these to reproduce

the Fermi gauge result
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Semi-analytic decomposition
Case2: gauge symmetry restored at the false vacuum

det ℳ(SLa)
l

det ̂ℳ (SLa)
l

=
l
2

ϕ̄(0)
mh

lim
r→∞

f (η)
l (r)

r ̂f (h)
l (r)ϕ̄(r) (

f (cc̄)
l (∞)
̂f (cc̄)
l (∞) )

2

BG gauge Fermi gauge

det ℳ(cc̄)
l

det ̂ℳ (cc̄)
l

=
f (cc̄)
l (∞)
̂f (cc̄)
l (∞)

det ℳ(cc̄)
l

det ̂ℳ (cc̄)
l

= 1

det ℳ(SLa)
l

det ̂ℳ (SLa)
l

=
l
2

ϕ̄(0)
mh

lim
r→∞

f (η)
l (r)

r ̂f (h)
l (r)ϕ̄(r)

det′ ℳ(Sa)
0

det ̂ℳ (Sa)
0

=
1

2πmhϕ̄(0)
lim
r→∞

1
r3ϕ̄(r)f (h)

0 (r)
πr3∂r f (cc̄)

0 (r)
ξg2 f (cc̄)

0 (r) (
f (cc̄)
0 (∞)
̂f (cc̄)
0 (∞) )

2
det′ ℳ(Sa)

0

det ̂ℳ (Sa)
0

=
1

2πmhϕ̄(0)
lim
r→∞

1
r3ϕ̄(r)f (h)

0 (r)
J2

G

(Δl − ξg2ϕ̄2) f (cc̄)
l = 0 (Δl − g2ϕ̄2) f (η)

l −
2ϕ̄′ 

r2ϕ̄
∂r (r2f (η)

l ) = 0

FP modes Physical modes

[M. Endo, T. Moroi, M. M. Nojiri, YS, ’17] [M. Endo, T. Moroi, M. M. Nojiri, YS, ’17]

(Δl − m2
h) ̂f (h)

l = 0
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Jacobian for the BG gauge

BG gauge

Fermi gauge

VGJBG
G (

det′ ℳ(Sa)
0

det ̂ℳ (Sa)
0

)
−1/2

(
det ℳ(cc̄)

0

det ̂ℳ (cc̄)
0

) = VG 2πmhϕ̄(0) lim
r→∞

r3ϕ̄(r)f (h)
0 (r)JBG

G
ξg2 f (cc̄)

0 (r)
πr3∂r f (cc̄)

0 (r)

VGJG (
det′ ℳ(Sa)

0

det ̂ℳ (Sa)
0

)
−1/2

(
det ℳ(cc̄)

0

det ̂ℳ (cc̄)
0

) = VG 2πmhϕ̄(0) lim
r→∞

r3ϕ̄(r)f (h)
0 (r)

𝒜 = VGJG ( det′ ℳ(Sa)0

det ̂ℳ (Sa)
0

)
−1/2

(
det ℳ(cc̄)

0

det ̂ℳ (cc̄)
0

) × ⋯

JBG
G =

πr3∂r f (cc̄)
0 (r)

ξg2 f (cc̄)
0 (r)

0.001 0.010 0.100 1 10
0

5

10

15

20

25

30

ξ

J G BG

Fermi

Massless would-be NG boson

(Same flat direction)

Numerical

Implementation
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Fubini instanton
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Fubini instanton and decay rate 

V( |Φ | ) = λ |Φ |4

(λ < 0)

ϕ̄(r) =
8

|λ |
R

R2 + r2

Bounce

|Φ |

V( |Φ | )

: Arbitrary constantR

Potential Decay rate

ℬ =
8π2

3 |λ |

𝒜 = JDJT

∞

∏
l=0 (

det′ ℳ(h)
l

det ̂ℳ (h)
l

)
−(l+1)2/2

× VGJG ( det′ ℳ(Sa)0

det ̂ℳ (Sa)
0

)
−1/2 ∞

∏
l=1 (

det ℳ(SLa)
l

det ̂ℳ (SLa)
l

)
−(l+1)2/2

×
∞

∏
l=1 (

det ℳ(T )
l

det ̂ℳ (T )
l

)
−(l+1)2

×
∞

∏
l=0 (

det ℳ(cc̄)
l

det ̂ℳ (cc̄)
l

)
(l+1)2

Translational+dilatational zero modes

γ = ∫ dR𝒜e−ℬ

Gauge zero mode
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Gauge independence
Fermi gauge

det ℳ(cc̄)
l

det ̂ℳ (cc̄)
l

= 1
det ℳ(SLa)

l

det ̂ℳ (SLa)
l

=
l

l + 2
Γ(l + 1)Γ(l + 2)

Γ(l + 1 − zg)Γ(l + 2 + zg)

det′ ℳ(Sa)
0

det ̂ℳ (Sa)
0

=
|λ |
16π

J2
G

[A. Andreassen, W. Frost, M. D. Schwartz, ’17; S. Chigusa, T. Moroi, YS, ’17 & ’18]

zg = −
1
2

1 − 1 −
8g2

|λ |

Gauge independent

det ℳ(T)
l

det ̂ℳ (T)
l

=
Γ(l + 1)Γ(l + 2)

Γ(l + 1 − zg)Γ(l + 2 + zg)

JG = π∫ drr3ϕ̄2 = lim
r→∞

8πR2

|λ |
ln r

Jacobian itself is divergent (gauge zero mode is not normalisable)
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Multi-field bounce
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Symmetries

Dμϕ = (∂μ + gaTaAa
μ)ϕ

(Ta)T = − Ta [Ta, Tb] = − f abcTc

Symmetries broken by bounce

: Vector of real scalarsϕ =

ϕ1

ϕ2

ϕ3
⋮

Gauge charges of bounce fields

SE[ϕ̄] = SE[eθAT̃A+θα
GT̃α

Gϕ̄] ϕ̄(∞) = eθAT̃A+θα
GT̃α

Gϕ̄(∞)

False vacuum is symmetric, bounce is notSymmetry of the action (Fermi gauge)

Mia = − ∑
k

gaTa
ikϕ̄k *  is the gauge boson mass matrixMT M

T̃A = ∑
B

κABTB

A : 1,⋯, nU

α : 1,⋯, nNG
∫ d4x(T̃Aϕ̄)T(T̃Bϕ̄) = 0

∫ d4x(T̃Aϕ̄)T(T̃β
Gϕ̄) = 0

∫ d4x(T̃α
Gϕ̄)T(T̃β

Gϕ̄) = 0
(A ≠ B) (α ≠ β)

Orthogonal (would-be) NG bosons

(This is automatic)

a : 1,⋯, nB, nB + 1,…, nG = nB + nU

ϕ̄(r) ≠ eθAT̃A+θα
GT̃α

Gϕ̄(r)

Massive at false vacuum

Massless at false vacuum

is the index for these

Pure NG bosons

* We ignore the gauge bosons that do not couple to the bounce
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Jacobian

JBG
G = det 𝒦G det 𝒦 det κ (∏

A

g2
A)

−1/2

𝒦AB = lim
r→∞

πr3

ξ [(∂rΨ(cc̄)
0 (r)) (Ψ(cc̄)

0 (r))
−1]

AB
𝒦G

αβ = π∫ drr3 (T̃α
Gϕ̄)T (T̃β

Gϕ̄)
Global symmetry Gauge symmetry

(Δ0 − ξMTM)Ψ(cc̄)
0 = 0

 Group volume measured with VG : T̃A, T̃α
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Fubini instanton

Proof is available in [S. Oda, YS, D. Takahashi, ’19]

V = λ1 |Φ1 |4 + λ2 |Φ2 |4 + λ3 |Φ1 |2 |Φ2 |2 + ⋯

Multi-field quartic potential

V = λeff |Φ |4
(negatively largest direction)
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Standard Model
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ELVAS

https://github.com/YShoji-HEP/ELVAS
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