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quantum tunneling or thermal transition of matter fields

Vacuum phase transition
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<latexit sha1_base64="VHHbSM/sWm1hC33GNH3ZLwL8G0I=">AAAB7XicdVDJSgNBEK2JW4xb1KOXxiB4GmaCaHILevEYIRskQ+jp9CRterqH7h4hDPkHLx4U8er/ePNv7CyC64OCx3tVVNULE8608bx3J7eyura+kd8sbG3v7O4V9w9aWqaK0CaRXKpOiDXlTNCmYYbTTqIojkNO2+H4aua376jSTIqGmSQ0iPFQsIgRbKzU6iUj1m/0iyXPrVTPq9Uy+k1815ujBEvU+8W33kCSNKbCEI617vpeYoIMK8MIp9NCL9U0wWSMh7RrqcAx1UE2v3aKTqwyQJFUtoRBc/XrRIZjrSdxaDtjbEb6pzcT//K6qYkqQcZEkhoqyGJRlHJkJJq9jgZMUWL4xBJMFLO3IjLCChNjAyrYED4/Rf+TVtn1Pde/OSvVLpdx5OEIjuEUfLiAGlxDHZpA4Bbu4RGeHOk8OM/Oy6I15yxnDuEbnNcPKzyPhw==</latexit><latexit sha1_base64="VHHbSM/sWm1hC33GNH3ZLwL8G0I=">AAAB7XicdVDJSgNBEK2JW4xb1KOXxiB4GmaCaHILevEYIRskQ+jp9CRterqH7h4hDPkHLx4U8er/ePNv7CyC64OCx3tVVNULE8608bx3J7eyura+kd8sbG3v7O4V9w9aWqaK0CaRXKpOiDXlTNCmYYbTTqIojkNO2+H4aua376jSTIqGmSQ0iPFQsIgRbKzU6iUj1m/0iyXPrVTPq9Uy+k1815ujBEvU+8W33kCSNKbCEI617vpeYoIMK8MIp9NCL9U0wWSMh7RrqcAx1UE2v3aKTqwyQJFUtoRBc/XrRIZjrSdxaDtjbEb6pzcT//K6qYkqQcZEkhoqyGJRlHJkJJq9jgZMUWL4xBJMFLO3IjLCChNjAyrYED4/Rf+TVtn1Pde/OSvVLpdx5OEIjuEUfLiAGlxDHZpA4Bbu4RGeHOk8OM/Oy6I15yxnDuEbnNcPKzyPhw==</latexit><latexit sha1_base64="VHHbSM/sWm1hC33GNH3ZLwL8G0I=">AAAB7XicdVDJSgNBEK2JW4xb1KOXxiB4GmaCaHILevEYIRskQ+jp9CRterqH7h4hDPkHLx4U8er/ePNv7CyC64OCx3tVVNULE8608bx3J7eyura+kd8sbG3v7O4V9w9aWqaK0CaRXKpOiDXlTNCmYYbTTqIojkNO2+H4aua376jSTIqGmSQ0iPFQsIgRbKzU6iUj1m/0iyXPrVTPq9Uy+k1815ujBEvU+8W33kCSNKbCEI617vpeYoIMK8MIp9NCL9U0wWSMh7RrqcAx1UE2v3aKTqwyQJFUtoRBc/XrRIZjrSdxaDtjbEb6pzcT//K6qYkqQcZEkhoqyGJRlHJkJJq9jgZMUWL4xBJMFLO3IjLCChNjAyrYED4/Rf+TVtn1Pde/OSvVLpdx5OEIjuEUfLiAGlxDHZpA4Bbu4RGeHOk8OM/Oy6I15yxnDuEbnNcPKzyPhw==</latexit><latexit sha1_base64="VHHbSM/sWm1hC33GNH3ZLwL8G0I=">AAAB7XicdVDJSgNBEK2JW4xb1KOXxiB4GmaCaHILevEYIRskQ+jp9CRterqH7h4hDPkHLx4U8er/ePNv7CyC64OCx3tVVNULE8608bx3J7eyura+kd8sbG3v7O4V9w9aWqaK0CaRXKpOiDXlTNCmYYbTTqIojkNO2+H4aua376jSTIqGmSQ0iPFQsIgRbKzU6iUj1m/0iyXPrVTPq9Uy+k1815ujBEvU+8W33kCSNKbCEI617vpeYoIMK8MIp9NCL9U0wWSMh7RrqcAx1UE2v3aKTqwyQJFUtoRBc/XrRIZjrSdxaDtjbEb6pzcT//K6qYkqQcZEkhoqyGJRlHJkJJq9jgZMUWL4xBJMFLO3IjLCChNjAyrYED4/Rf+TVtn1Pde/OSvVLpdx5OEIjuEUfLiAGlxDHZpA4Bbu4RGeHOk8OM/Oy6I15yxnDuEbnNcPKzyPhw==</latexit>

�top
<latexit sha1_base64="1o3k7VM5c5cLBq1vWV/yOvJLy54=">AAAB8XicdVDLSgMxFM34rPVVdekmWARXw0wRbXdFNy4r2Ae2Q8mkaRuaSUJyRyhD/8KNC0Xc+jfu/BvTh+DzwIXDOfdy7z2xFtxCELx7S8srq2vruY385tb2zm5hb79hVWooq1MllGnFxDLBJasDB8Fa2jCSxII149Hl1G/eMWO5kjcw1ixKyEDyPqcEnHTb0UPezUDpSbdQDPxy5axSKeHfJPSDGYpogVq38NbpKZomTAIVxNp2GGiIMmKAU8Em+U5qmSZ0RAas7agkCbNRNrt4go+d0sN9ZVxJwDP160RGEmvHSew6EwJD+9Obin957RT65SjjUqfAJJ0v6qcCg8LT93GPG0ZBjB0h1HB3K6ZDYggFF1LehfD5Kf6fNEp+GPjh9WmxerGII4cO0RE6QSE6R1V0hWqojiiS6B49oifPeg/es/cyb13yFjMH6Bu81w/GD5Gm</latexit><latexit sha1_base64="1o3k7VM5c5cLBq1vWV/yOvJLy54=">AAAB8XicdVDLSgMxFM34rPVVdekmWARXw0wRbXdFNy4r2Ae2Q8mkaRuaSUJyRyhD/8KNC0Xc+jfu/BvTh+DzwIXDOfdy7z2xFtxCELx7S8srq2vruY385tb2zm5hb79hVWooq1MllGnFxDLBJasDB8Fa2jCSxII149Hl1G/eMWO5kjcw1ixKyEDyPqcEnHTb0UPezUDpSbdQDPxy5axSKeHfJPSDGYpogVq38NbpKZomTAIVxNp2GGiIMmKAU8Em+U5qmSZ0RAas7agkCbNRNrt4go+d0sN9ZVxJwDP160RGEmvHSew6EwJD+9Obin957RT65SjjUqfAJJ0v6qcCg8LT93GPG0ZBjB0h1HB3K6ZDYggFF1LehfD5Kf6fNEp+GPjh9WmxerGII4cO0RE6QSE6R1V0hWqojiiS6B49oifPeg/es/cyb13yFjMH6Bu81w/GD5Gm</latexit><latexit sha1_base64="1o3k7VM5c5cLBq1vWV/yOvJLy54=">AAAB8XicdVDLSgMxFM34rPVVdekmWARXw0wRbXdFNy4r2Ae2Q8mkaRuaSUJyRyhD/8KNC0Xc+jfu/BvTh+DzwIXDOfdy7z2xFtxCELx7S8srq2vruY385tb2zm5hb79hVWooq1MllGnFxDLBJasDB8Fa2jCSxII149Hl1G/eMWO5kjcw1ixKyEDyPqcEnHTb0UPezUDpSbdQDPxy5axSKeHfJPSDGYpogVq38NbpKZomTAIVxNp2GGiIMmKAU8Em+U5qmSZ0RAas7agkCbNRNrt4go+d0sN9ZVxJwDP160RGEmvHSew6EwJD+9Obin957RT65SjjUqfAJJ0v6qcCg8LT93GPG0ZBjB0h1HB3K6ZDYggFF1LehfD5Kf6fNEp+GPjh9WmxerGII4cO0RE6QSE6R1V0hWqojiiS6B49oifPeg/es/cyb13yFjMH6Bu81w/GD5Gm</latexit><latexit sha1_base64="1o3k7VM5c5cLBq1vWV/yOvJLy54=">AAAB8XicdVDLSgMxFM34rPVVdekmWARXw0wRbXdFNy4r2Ae2Q8mkaRuaSUJyRyhD/8KNC0Xc+jfu/BvTh+DzwIXDOfdy7z2xFtxCELx7S8srq2vruY385tb2zm5hb79hVWooq1MllGnFxDLBJasDB8Fa2jCSxII149Hl1G/eMWO5kjcw1ixKyEDyPqcEnHTb0UPezUDpSbdQDPxy5axSKeHfJPSDGYpogVq38NbpKZomTAIVxNp2GGiIMmKAU8Em+U5qmSZ0RAas7agkCbNRNrt4go+d0sN9ZVxJwDP160RGEmvHSew6EwJD+9Obin957RT65SjjUqfAJJ0v6qcCg8LT93GPG0ZBjB0h1HB3K6ZDYggFF1LehfD5Kf6fNEp+GPjh9WmxerGII4cO0RE6QSE6R1V0hWqojiiS6B49oifPeg/es/cyb13yFjMH6Bu81w/GD5Gm</latexit>
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�
<latexit sha1_base64="nf0cjLWUEBWzNJF1fPix2o6eL1c=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoPgadkNoskt6MVjBPOAZAmzk9nskJnZZWZWCCG/4MWDIl79IW/+jbNJBJ8FDUVVN91dYcqZNp737hRWVtfWN4qbpa3tnd298v5BWyeZIrRFEp6obog15UzSlmGG026qKBYhp51wfJX7nTuqNEvkrZmkNBB4JFnECDa51E9jNihXPLdWP6/Xq+g38V1vjgos0RyU3/rDhGSCSkM41rrne6kJplgZRjidlfqZpikmYzyiPUslFlQH0/mtM3RilSGKEmVLGjRXv05MsdB6IkLbKbCJ9U8vF//yepmJasGUyTQzVJLFoijjyCQofxwNmaLE8IklmChmb0UkxgoTY+Mp2RA+P0X/k3bV9T3XvzmrNC6XcRThCI7hFHy4gAZcQxNaQCCGe3iEJ0c4D86z87JoLTjLmUP4Buf1A85jjsA=</latexit><latexit sha1_base64="nf0cjLWUEBWzNJF1fPix2o6eL1c=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoPgadkNoskt6MVjBPOAZAmzk9nskJnZZWZWCCG/4MWDIl79IW/+jbNJBJ8FDUVVN91dYcqZNp737hRWVtfWN4qbpa3tnd298v5BWyeZIrRFEp6obog15UzSlmGG026qKBYhp51wfJX7nTuqNEvkrZmkNBB4JFnECDa51E9jNihXPLdWP6/Xq+g38V1vjgos0RyU3/rDhGSCSkM41rrne6kJplgZRjidlfqZpikmYzyiPUslFlQH0/mtM3RilSGKEmVLGjRXv05MsdB6IkLbKbCJ9U8vF//yepmJasGUyTQzVJLFoijjyCQofxwNmaLE8IklmChmb0UkxgoTY+Mp2RA+P0X/k3bV9T3XvzmrNC6XcRThCI7hFHy4gAZcQxNaQCCGe3iEJ0c4D86z87JoLTjLmUP4Buf1A85jjsA=</latexit><latexit sha1_base64="nf0cjLWUEBWzNJF1fPix2o6eL1c=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoPgadkNoskt6MVjBPOAZAmzk9nskJnZZWZWCCG/4MWDIl79IW/+jbNJBJ8FDUVVN91dYcqZNp737hRWVtfWN4qbpa3tnd298v5BWyeZIrRFEp6obog15UzSlmGG026qKBYhp51wfJX7nTuqNEvkrZmkNBB4JFnECDa51E9jNihXPLdWP6/Xq+g38V1vjgos0RyU3/rDhGSCSkM41rrne6kJplgZRjidlfqZpikmYzyiPUslFlQH0/mtM3RilSGKEmVLGjRXv05MsdB6IkLbKbCJ9U8vF//yepmJasGUyTQzVJLFoijjyCQofxwNmaLE8IklmChmb0UkxgoTY+Mp2RA+P0X/k3bV9T3XvzmrNC6XcRThCI7hFHy4gAZcQxNaQCCGe3iEJ0c4D86z87JoLTjLmUP4Buf1A85jjsA=</latexit><latexit sha1_base64="nf0cjLWUEBWzNJF1fPix2o6eL1c=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoPgadkNoskt6MVjBPOAZAmzk9nskJnZZWZWCCG/4MWDIl79IW/+jbNJBJ8FDUVVN91dYcqZNp737hRWVtfWN4qbpa3tnd298v5BWyeZIrRFEp6obog15UzSlmGG026qKBYhp51wfJX7nTuqNEvkrZmkNBB4JFnECDa51E9jNihXPLdWP6/Xq+g38V1vjgos0RyU3/rDhGSCSkM41rrne6kJplgZRjidlfqZpikmYzyiPUslFlQH0/mtM3RilSGKEmVLGjRXv05MsdB6IkLbKbCJ9U8vF//yepmJasGUyTQzVJLFoijjyCQofxwNmaLE8IklmChmb0UkxgoTY+Mp2RA+P0X/k3bV9T3XvzmrNC6XcRThCI7hFHy4gAZcQxNaQCCGe3iEJ0c4D86z87JoLTjLmUP4Buf1A85jjsA=</latexit>
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<latexit sha1_base64="NGxb6M1vutYi52ow+Ev/2YxGRLA=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmaCaHILevGYgFkgGUJPpyZp07PQ3SOEIV/gxYMiXv0kb/6NnUVwfVDweK+Kqnp+IrjSjvNu5VZW19Y38puFre2d3b3i/kFLxalk2GSxiGXHpwoFj7CpuRbYSSTS0BfY9sdXM799h1LxOLrRkwS9kA4jHnBGtZEarX6x5NiV6nm1Wia/iWs7c5RgiXq/+NYbxCwNMdJMUKW6rpNoL6NScyZwWuilChPKxnSIXUMjGqLysvmhU3JilAEJYmkq0mSufp3IaKjUJPRNZ0j1SP30ZuJfXjfVQcXLeJSkGiO2WBSkguiYzL4mAy6RaTExhDLJza2EjaikTJtsCiaEz0/J/6RVtl3HdhtnpdrlMo48HMExnIILF1CDa6hDExgg3MMjPFm31oP1bL0sWnPWcuYQvsF6/QBtm41b</latexit><latexit sha1_base64="NGxb6M1vutYi52ow+Ev/2YxGRLA=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmaCaHILevGYgFkgGUJPpyZp07PQ3SOEIV/gxYMiXv0kb/6NnUVwfVDweK+Kqnp+IrjSjvNu5VZW19Y38puFre2d3b3i/kFLxalk2GSxiGXHpwoFj7CpuRbYSSTS0BfY9sdXM799h1LxOLrRkwS9kA4jHnBGtZEarX6x5NiV6nm1Wia/iWs7c5RgiXq/+NYbxCwNMdJMUKW6rpNoL6NScyZwWuilChPKxnSIXUMjGqLysvmhU3JilAEJYmkq0mSufp3IaKjUJPRNZ0j1SP30ZuJfXjfVQcXLeJSkGiO2WBSkguiYzL4mAy6RaTExhDLJza2EjaikTJtsCiaEz0/J/6RVtl3HdhtnpdrlMo48HMExnIILF1CDa6hDExgg3MMjPFm31oP1bL0sWnPWcuYQvsF6/QBtm41b</latexit><latexit sha1_base64="NGxb6M1vutYi52ow+Ev/2YxGRLA=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmaCaHILevGYgFkgGUJPpyZp07PQ3SOEIV/gxYMiXv0kb/6NnUVwfVDweK+Kqnp+IrjSjvNu5VZW19Y38puFre2d3b3i/kFLxalk2GSxiGXHpwoFj7CpuRbYSSTS0BfY9sdXM799h1LxOLrRkwS9kA4jHnBGtZEarX6x5NiV6nm1Wia/iWs7c5RgiXq/+NYbxCwNMdJMUKW6rpNoL6NScyZwWuilChPKxnSIXUMjGqLysvmhU3JilAEJYmkq0mSufp3IaKjUJPRNZ0j1SP30ZuJfXjfVQcXLeJSkGiO2WBSkguiYzL4mAy6RaTExhDLJza2EjaikTJtsCiaEz0/J/6RVtl3HdhtnpdrlMo48HMExnIILF1CDa6hDExgg3MMjPFm31oP1bL0sWnPWcuYQvsF6/QBtm41b</latexit><latexit sha1_base64="NGxb6M1vutYi52ow+Ev/2YxGRLA=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmaCaHILevGYgFkgGUJPpyZp07PQ3SOEIV/gxYMiXv0kb/6NnUVwfVDweK+Kqnp+IrjSjvNu5VZW19Y38puFre2d3b3i/kFLxalk2GSxiGXHpwoFj7CpuRbYSSTS0BfY9sdXM799h1LxOLrRkwS9kA4jHnBGtZEarX6x5NiV6nm1Wia/iWs7c5RgiXq/+NYbxCwNMdJMUKW6rpNoL6NScyZwWuilChPKxnSIXUMjGqLysvmhU3JilAEJYmkq0mSufp3IaKjUJPRNZ0j1SP30ZuJfXjfVQcXLeJSkGiO2WBSkguiYzL4mAy6RaTExhDLJza2EjaikTJtsCiaEz0/J/6RVtl3HdhtnpdrlMo48HMExnIILF1CDa6hDExgg3MMjPFm31oP1bL0sWnPWcuYQvsF6/QBtm41b</latexit>
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<latexit sha1_base64="nf0cjLWUEBWzNJF1fPix2o6eL1c=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoPgadkNoskt6MVjBPOAZAmzk9nskJnZZWZWCCG/4MWDIl79IW/+jbNJBJ8FDUVVN91dYcqZNp737hRWVtfWN4qbpa3tnd298v5BWyeZIrRFEp6obog15UzSlmGG026qKBYhp51wfJX7nTuqNEvkrZmkNBB4JFnECDa51E9jNihXPLdWP6/Xq+g38V1vjgos0RyU3/rDhGSCSkM41rrne6kJplgZRjidlfqZpikmYzyiPUslFlQH0/mtM3RilSGKEmVLGjRXv05MsdB6IkLbKbCJ9U8vF//yepmJasGUyTQzVJLFoijjyCQofxwNmaLE8IklmChmb0UkxgoTY+Mp2RA+P0X/k3bV9T3XvzmrNC6XcRThCI7hFHy4gAZcQxNaQCCGe3iEJ0c4D86z87JoLTjLmUP4Buf1A85jjsA=</latexit><latexit sha1_base64="nf0cjLWUEBWzNJF1fPix2o6eL1c=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoPgadkNoskt6MVjBPOAZAmzk9nskJnZZWZWCCG/4MWDIl79IW/+jbNJBJ8FDUVVN91dYcqZNp737hRWVtfWN4qbpa3tnd298v5BWyeZIrRFEp6obog15UzSlmGG026qKBYhp51wfJX7nTuqNEvkrZmkNBB4JFnECDa51E9jNihXPLdWP6/Xq+g38V1vjgos0RyU3/rDhGSCSkM41rrne6kJplgZRjidlfqZpikmYzyiPUslFlQH0/mtM3RilSGKEmVLGjRXv05MsdB6IkLbKbCJ9U8vF//yepmJasGUyTQzVJLFoijjyCQofxwNmaLE8IklmChmb0UkxgoTY+Mp2RA+P0X/k3bV9T3XvzmrNC6XcRThCI7hFHy4gAZcQxNaQCCGe3iEJ0c4D86z87JoLTjLmUP4Buf1A85jjsA=</latexit><latexit sha1_base64="nf0cjLWUEBWzNJF1fPix2o6eL1c=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoPgadkNoskt6MVjBPOAZAmzk9nskJnZZWZWCCG/4MWDIl79IW/+jbNJBJ8FDUVVN91dYcqZNp737hRWVtfWN4qbpa3tnd298v5BWyeZIrRFEp6obog15UzSlmGG026qKBYhp51wfJX7nTuqNEvkrZmkNBB4JFnECDa51E9jNihXPLdWP6/Xq+g38V1vjgos0RyU3/rDhGSCSkM41rrne6kJplgZRjidlfqZpikmYzyiPUslFlQH0/mtM3RilSGKEmVLGjRXv05MsdB6IkLbKbCJ9U8vF//yepmJasGUyTQzVJLFoijjyCQofxwNmaLE8IklmChmb0UkxgoTY+Mp2RA+P0X/k3bV9T3XvzmrNC6XcRThCI7hFHy4gAZcQxNaQCCGe3iEJ0c4D86z87JoLTjLmUP4Buf1A85jjsA=</latexit><latexit sha1_base64="nf0cjLWUEBWzNJF1fPix2o6eL1c=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoPgadkNoskt6MVjBPOAZAmzk9nskJnZZWZWCCG/4MWDIl79IW/+jbNJBJ8FDUVVN91dYcqZNp737hRWVtfWN4qbpa3tnd298v5BWyeZIrRFEp6obog15UzSlmGG026qKBYhp51wfJX7nTuqNEvkrZmkNBB4JFnECDa51E9jNihXPLdWP6/Xq+g38V1vjgos0RyU3/rDhGSCSkM41rrne6kJplgZRjidlfqZpikmYzyiPUslFlQH0/mtM3RilSGKEmVLGjRXv05MsdB6IkLbKbCJ9U8vF//yepmJasGUyTQzVJLFoijjyCQofxwNmaLE8IklmChmb0UkxgoTY+Mp2RA+P0X/k3bV9T3XvzmrNC6XcRThCI7hFHy4gAZcQxNaQCCGe3iEJ0c4D86z87JoLTjLmUP4Buf1A85jjsA=</latexit>

V
<latexit sha1_base64="NGxb6M1vutYi52ow+Ev/2YxGRLA=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmaCaHILevGYgFkgGUJPpyZp07PQ3SOEIV/gxYMiXv0kb/6NnUVwfVDweK+Kqnp+IrjSjvNu5VZW19Y38puFre2d3b3i/kFLxalk2GSxiGXHpwoFj7CpuRbYSSTS0BfY9sdXM799h1LxOLrRkwS9kA4jHnBGtZEarX6x5NiV6nm1Wia/iWs7c5RgiXq/+NYbxCwNMdJMUKW6rpNoL6NScyZwWuilChPKxnSIXUMjGqLysvmhU3JilAEJYmkq0mSufp3IaKjUJPRNZ0j1SP30ZuJfXjfVQcXLeJSkGiO2WBSkguiYzL4mAy6RaTExhDLJza2EjaikTJtsCiaEz0/J/6RVtl3HdhtnpdrlMo48HMExnIILF1CDa6hDExgg3MMjPFm31oP1bL0sWnPWcuYQvsF6/QBtm41b</latexit><latexit sha1_base64="NGxb6M1vutYi52ow+Ev/2YxGRLA=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmaCaHILevGYgFkgGUJPpyZp07PQ3SOEIV/gxYMiXv0kb/6NnUVwfVDweK+Kqnp+IrjSjvNu5VZW19Y38puFre2d3b3i/kFLxalk2GSxiGXHpwoFj7CpuRbYSSTS0BfY9sdXM799h1LxOLrRkwS9kA4jHnBGtZEarX6x5NiV6nm1Wia/iWs7c5RgiXq/+NYbxCwNMdJMUKW6rpNoL6NScyZwWuilChPKxnSIXUMjGqLysvmhU3JilAEJYmkq0mSufp3IaKjUJPRNZ0j1SP30ZuJfXjfVQcXLeJSkGiO2WBSkguiYzL4mAy6RaTExhDLJza2EjaikTJtsCiaEz0/J/6RVtl3HdhtnpdrlMo48HMExnIILF1CDa6hDExgg3MMjPFm31oP1bL0sWnPWcuYQvsF6/QBtm41b</latexit><latexit sha1_base64="NGxb6M1vutYi52ow+Ev/2YxGRLA=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmaCaHILevGYgFkgGUJPpyZp07PQ3SOEIV/gxYMiXv0kb/6NnUVwfVDweK+Kqnp+IrjSjvNu5VZW19Y38puFre2d3b3i/kFLxalk2GSxiGXHpwoFj7CpuRbYSSTS0BfY9sdXM799h1LxOLrRkwS9kA4jHnBGtZEarX6x5NiV6nm1Wia/iWs7c5RgiXq/+NYbxCwNMdJMUKW6rpNoL6NScyZwWuilChPKxnSIXUMjGqLysvmhU3JilAEJYmkq0mSufp3IaKjUJPRNZ0j1SP30ZuJfXjfVQcXLeJSkGiO2WBSkguiYzL4mAy6RaTExhDLJza2EjaikTJtsCiaEz0/J/6RVtl3HdhtnpdrlMo48HMExnIILF1CDa6hDExgg3MMjPFm31oP1bL0sWnPWcuYQvsF6/QBtm41b</latexit><latexit sha1_base64="NGxb6M1vutYi52ow+Ev/2YxGRLA=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmaCaHILevGYgFkgGUJPpyZp07PQ3SOEIV/gxYMiXv0kb/6NnUVwfVDweK+Kqnp+IrjSjvNu5VZW19Y38puFre2d3b3i/kFLxalk2GSxiGXHpwoFj7CpuRbYSSTS0BfY9sdXM799h1LxOLrRkwS9kA4jHnBGtZEarX6x5NiV6nm1Wia/iWs7c5RgiXq/+NYbxCwNMdJMUKW6rpNoL6NScyZwWuilChPKxnSIXUMjGqLysvmhU3JilAEJYmkq0mSufp3IaKjUJPRNZ0j1SP30ZuJfXjfVQcXLeJSkGiO2WBSkguiYzL4mAy6RaTExhDLJza2EjaikTJtsCiaEz0/J/6RVtl3HdhtnpdrlMo48HMExnIILF1CDa6hDExgg3MMjPFm31oP1bL0sWnPWcuYQvsF6/QBtm41b</latexit>



Vacuum bubbles
• GW emission caused by bubble collisions


• Higgs metastability in (thermal) early Universe


• Vacuum decay seeded by black holes → constraints on PBH parameters or 
the parameters of Higgs potential

our Universe is SAFE

(spectral index)

(M
as

s 
of

 P
BH

) our Universe destroyed

Dai+ (2019)

picture: T. Hayashi

Degrassi et al. (2013)



Euclidean v.s. Lorentzian

• Lorentzian path integral is oscillatory. NOT absolutely convergent.


• Euclidean path integral enable us to have a finite result in the 
amplitude.


• Can the Euclidean path integral be applicable to a general metric?


• In the existence of gravity, there is the “conformal factor problem”.


• Euclidean path integral is easy to use. (Can be wrong.)


• Lorentzian path integral is technical but important. (May be true.)



Lorentzian path integral? 
-application to quantum cosmology-

What’s the probability of the birth of the de Sitter universe out of “nothing”?

Hartle and Hawking <latexit sha1_base64="I8xhbdF2v0ECFcnYvAcH1Yco++c="></latexit>

� ⇠ e+12⇡2/⇤<latexit sha1_base64="3MlDBlL7zTqO7DM92UkSKMTKfWs=">AAAB9HicdVDLSgMxFL3js9ZX1aWbYBHcOMxI7WNXdOOygn1AO5RMmmlDM5kxyRTK0O9w40IRt36MO//GtB1BRQ+EHM65l3vv8WPOlHacD2tldW19YzO3ld/e2d3bLxwctlSUSEKbJOKR7PhYUc4EbWqmOe3EkuLQ57Ttj6/nfntCpWKRuNPTmHohHgoWMIK1kTyNejpC58x8OOkXio5dc9zaZQUtSbWUkXINubazQBEyNPqF994gIklIhSYcK9V1nVh7KZaaEU5n+V6iaIzJGA9p11CBQ6q8dLH0DJ0aZYCCSJonNFqo3ztSHCo1DX1TGWI9Ur+9ufiX1010UPVSJuJEU0GWg4KEI3PoPAE0YJISzaeGYCKZ2RWREZaYaJNT3oTwdSn6n7QubLdsl29LxfpVFkcOjuEEzsCFCtThBhrQBAL38ABP8GxNrEfrxXpdlq5YWc8R/ID19gka7JG2</latexit>

t ! �i⌧
Hawking (1982); Hartle (1983)

Euclidean path integral

Vilenkin <latexit sha1_base64="VuIoCwcBDTDShgiJUeTnBSlbYMc="></latexit>

� ⇠ e�12⇡2/⇤
Vilenkin (1982)

Wheeler-DeWitt+

WKB approximation

Linde <latexit sha1_base64="VuIoCwcBDTDShgiJUeTnBSlbYMc="></latexit>

� ⇠ e�12⇡2/⇤<latexit sha1_base64="xizq+AHeAR7EbjHaj+5zI4Z7ZTM=">AAAB9HicdVDLSgMxFL3js9ZX1aWbYBEEYZiR2seu6MZlBfuAdiiZNNOGZjJjkimUod/hxoUibv0Yd/6NaTuCih4IOZxzL/fe48ecKe04H9bK6tr6xmZuK7+9s7u3Xzg4bKkokYQ2ScQj2fGxopwJ2tRMc9qJJcWhz2nbH1/P/faESsUicaenMfVCPBQsYARrI3ka9XSEzpn5cNIvFB275ri1ywpakmopI+Uacm1ngSJkaPQL771BRJKQCk04VqrrOrH2Uiw1I5zO8r1E0RiTMR7SrqECh1R56WLpGTo1ygAFkTRPaLRQv3ekOFRqGvqmMsR6pH57c/Evr5vooOqlTMSJpoIsBwUJR+bQeQJowCQlmk8NwUQysysiIywx0SanvAnh61L0P2ld2G7ZLt+WivWrLI4cHMMJnIELFajDDTSgCQTu4QGe4NmaWI/Wi/W6LF2xsp4j+AHr7RMX2JG0</latexit>

t ! +i⌧
Linde (1984)

Euclidean path integral 

+ inverse Wick rotation

Feldbrugge, Lehners, Turok <latexit sha1_base64="VuIoCwcBDTDShgiJUeTnBSlbYMc="></latexit>

� ⇠ e�12⇡2/⇤
Feldbrugge, Lehners, Turok(2017) Lorentzian path integral

<latexit sha1_base64="A0ltgFFu68WWgOuDw+VQVJp6lF8=">AAAB7nicdVDLSsNAFL2pr1pfVZduBovgKiSifeyKbly4qGAf0IYymUzaoZNJmJkIJfQj3LhQxK3f486/cdpGUNEDA4dzzmXuPX7CmdKO82EVVlbX1jeKm6Wt7Z3dvfL+QUfFqSS0TWIey56PFeVM0LZmmtNeIimOfE67/uRq7nfvqVQsFnd6mlAvwiPBQkawNlJ3cGOiAR6WK47dcNzGRQ0tSf08J9UGcm1ngQrkaA3L74MgJmlEhSYcK9V3nUR7GZaaEU5npUGqaILJBI9o31CBI6q8bLHuDJ0YJUBhLM0TGi3U7xMZjpSaRr5JRliP1W9vLv7l9VMd1r2MiSTVVJDlR2HKkY7R/HYUMEmJ5lNDMJHM7IrIGEtMtGmoZEr4uhT9Tzpntlu1q7fnleZlXkcRjuAYTsGFGjThGlrQBgITeIAneLYS69F6sV6X0YKVzxzCD1hvn5n1j8g=</latexit>

⇤ : cosmological const.



Let’s apply the Lorentzian path integral to 
Vacuum decay process.



True

False

initial

final

Euclidean 
bounce

initial

final

Coleman (1977)

Lorentzian  
path integral

picture: T. Hayashi

Set a bubble of arbitrary size

as the final state

Standard Ours

Callan and Coleman (1977)



Euclidean

Lorentzian

turning point
How ca we justify the junction?

Standard formulation of vacuum bubbles



• thin wall


• spherical symmetry


• no gravity

Setup
1. Assumption (for simplification)

details of a potential barrier → energy density of bubble surface

dynamics of a bubble wall → 1-dim dynamics

To perform analytic computation

picture: T. Hayashi



2. Formalism

• action of a thin wall bubble (Polyakov action)
<latexit sha1_base64="CvkK/P0W4SAk+542SMmHMK8kDVQ="></latexit>

SP[X
µ, �ab] = ��

Z

@B
d3x

p
��

1

2

⇥
�ab@aX

µ@bXµ � 1
⇤
+�V

Z

B
d4X

p
�g

bubble wall bulk (bubble interior)

<latexit sha1_base64="YWjj8eLmmfaqbndGavPZv1TpFoM="></latexit>

SP[T,R,N ] = 4⇡�

Z
d⌧

2⇡

⇢
1

2
R2

h
N�1

⇣
�fṪ 2 + f�1Ṙ2

⌘
�N

i
+ ⇢�1

0 R3Ṫ

�

<latexit sha1_base64="Cg4L/SaVwP1U89NF/tseeAwNoqk=">AAACEHicdVDJSgNBEO1xjXEb9eilMYiewkyUaG5BPXiMYBbIDKGnU5M06Vns7gmEYT7Bi7/ixYMiXj1682/sLILrg4LHe1VU1fNizqSyrHdjbn5hcWk5t5JfXVvf2DS3thsySgSFOo14JFoekcBZCHXFFIdWLIAEHoemNzgf+80hCMmi8FqNYnAD0guZzyhRWuqYB47oRx0LO3CTsCF2fEFoeoQdyXoByVLnArgiuJF1zIJVrFh2pWzj38QuWhMU0Ay1jvnmdCOaBBAqyomUbduKlZsSoRjlkOWdREJM6ID0oK1pSAKQbjp5KMP7WuliPxK6QoUn6teJlARSjgJPdwZE9eVPbyz+5bUT5Z+6KQvjREFIp4v8hGMV4XE6uMsEUMVHmhAqmL4V0z7RmSidYV6H8Pkp/p80SkW7XCxdHReqZ7M4cmgX7aFDZKMTVEWXqIbqiKJbdI8e0ZNxZzwYz8bLtHXOmM3soG8wXj8AdAec5A==</latexit>

⇢0 ⌘ 3�

�V

<latexit sha1_base64="ruZ1zlmbziFUvvIrzTEdBO0YpM4="></latexit>

{Xµ(xa)} ! {T (⌧), R(⌧), ✓,'}
• spherical bubble

<latexit sha1_base64="mudA8rTULe+Ux1UEN8hWPbTBfz8="></latexit>

�abdx
adxb = �N2d⌧2 +R2(⌧)d⌦2

gauge fixing :
<latexit sha1_base64="lwyO3Tmw/4RFVAxR2hdrgkZ5TMw=">AAAB83icdVDLSsNAFL3xWeur6tLNYBFcxaRItQuh6MaVVLAPaEKZTCbt0MkkzEyEEvobblwo4tafceffOH0IPg9cOJxzL/feE6ScKe0479bC4tLyymphrbi+sbm1XdrZbakkk4Q2ScIT2QmwopwJ2tRMc9pJJcVxwGk7GF5O/PYdlYol4laPUurHuC9YxAjWRvLC6+PQ0zhD58jplcqOXXPcWtVFv4lrO1OUYY5Gr/TmhQnJYio04Vipruuk2s+x1IxwOi56maIpJkPcp11DBY6p8vPpzWN0aJQQRYk0JTSaql8nchwrNYoD0xljPVA/vYn4l9fNdHTm50ykmaaCzBZFGUc6QZMAUMgkJZqPDMFEMnMrIgMsMdEmpqIJ4fNT9D9pVWy3alduTsr1i3kcBdiHAzgCF06hDlfQgCYQSOEeHuHJyqwH69l6mbUuWPOZPfgG6/UDwqyQ3w==</latexit>

dN/d⌧ = 0<latexit sha1_base64="VVi9hG6209VIB64hQS9Hi84hq5Q=">AAAB63icdVDLSsNAFL3xWeur6tLNYBFchaTUPnZFNy4r2Ae0oUymk3bozCTMTIQS+gtuXCji1h9y59+YtBFU9MCFwzn3cu89fsSZNo7zYa2tb2xubRd2irt7+weHpaPjrg5jRWiHhDxUfR9rypmkHcMMp/1IUSx8Tnv+7Drze/dUaRbKOzOPqCfwRLKAEWwyaWhwPCqVHbvpuM3LOlqRRjUntSZybWeJMuRoj0rvw3FIYkGlIRxrPXCdyHgJVoYRThfFYaxphMkMT+ggpRILqr1keesCnafKGAWhSksatFS/TyRYaD0XftopsJnq314m/uUNYhM0vITJKDZUktWiIObIhCh7HI2ZosTweUowUSy9FZEpVpiYNJ5iGsLXp+h/0q3Ybs2u3FbLras8jgKcwhlcgAt1aMENtKEDBKbwAE/wbAnr0XqxXleta1Y+cwI/YL19Aq41jq8=</latexit>⌧ :proper time on the wall

Setup



<latexit sha1_base64="OmRvPrB7NGLMtBt8hjMMm6Ir0Cc="></latexit>

G(R = 0, R = R1) =

Z 1

0
dN

Z R(⌧=1)=R1

R(⌧=0)=0
DTDR exp(iSP[T,R,N ])

take into account every proper duration quantum-mechanical amplitude from a zero-size bubble to finite one

<latexit sha1_base64="/8I25cDHyXto9x8xkHYPffYozA8="></latexit>Z 1

0
dNA(N) exp

�
iSP[T̄ , R̄, N ]

�

quantum corrections

+zero modes

leading contribution

(exponential suppression)

oscillatory integrand
<latexit sha1_base64="A8ZiIRTMRsSPLrg+JSYmg66hLMk=">AAAB8XicdVDLSgNBEOyNrxhfUY9eBoPgadkNMY+DEPTiMUJemCxhdjJJhszOLjOzQljyF148KOLVv/Hm3zhJVlDRgoaiqpvuLj/iTGnH+bAya+sbm1vZ7dzO7t7+Qf7wqK3CWBLaIiEPZdfHinImaEszzWk3khQHPqcdf3q98Dv3VCoWiqaeRdQL8FiwESNYG+mueYn6PpZJcz7IFxy75ri1iwpakWopJeUacm1niQKkaAzy7/1hSOKACk04VqrnOpH2Eiw1I5zOc/1Y0QiTKR7TnqECB1R5yfLiOTozyhCNQmlKaLRUv08kOFBqFvimM8B6on57C/EvrxfrUdVLmIhiTQVZLRrFHOkQLd5HQyYp0XxmCCaSmVsRmWCJiTYh5UwIX5+i/0m7aLtlu3hbKtSv0jiycAKncA4uVKAON9CAFhAQ8ABP8Gwp69F6sV5XrRkrnTmGH7DePgF7QJDT</latexit>

T = T̄
<latexit sha1_base64="P2gOVnF2iK1gqeVVhCskiqcP6BI=">AAAB8XicdVDLSgNBEOz1GeMr6tHLYBA8Lbsh5nEQgl48xmAemCxhdjJJhszOLjOzQljyF148KOLVv/Hm3zhJVlDRgoaiqpvuLj/iTGnH+bBWVtfWNzYzW9ntnd29/dzBYUuFsSS0SUIeyo6PFeVM0KZmmtNOJCkOfE7b/uRq7rfvqVQsFLd6GlEvwCPBhoxgbaS7xgXq+VgmjVk/l3fsquNWz8toSSrFlJSqyLWdBfKQot7PvfcGIYkDKjThWKmu60TaS7DUjHA6y/ZiRSNMJnhEu4YKHFDlJYuLZ+jUKAM0DKUpodFC/T6R4ECpaeCbzgDrsfrtzcW/vG6shxUvYSKKNRVkuWgYc6RDNH8fDZikRPOpIZhIZm5FZIwlJtqElDUhfH2K/ietgu2W7MJNMV+7TOPIwDGcwBm4UIYaXEMdmkBAwAM8wbOlrEfrxXpdtq5Y6cwR/ID19gl1HJDP</latexit>

R = R̄and
Solution of the E.O.M.

Nothing 
happens.

Nucleation 
starts!

lapse N controls

the proper duration

<latexit sha1_base64="6Palic7hzqa9EmfnO3wp0ho6PAU=">AAACAXicdVDLSgMxFM3UV62vUTeCm2ARXJWZUvtYCEVduJIKthY6pWTSTBuaeZDcEcpQN/6KGxeKuPUv3Pk3pu0IKnrgwsk595J7jxsJrsCyPozMwuLS8kp2Nbe2vrG5ZW7vtFQYS8qaNBShbLtEMcED1gQOgrUjyYjvCnbjjs6m/s0tk4qHwTWMI9b1ySDgHqcEtNQz95xzJoBgwCf4EqcPB0jcM/NWoWbZteMKnpNqKSXlGrYL1gx5lKLRM9+dfkhjnwVABVGqY1sRdBMigVPBJjknViwidEQGrKNpQHymusnsggk+1Eofe6HUFQCeqd8nEuIrNfZd3ekTGKrf3lT8y+vE4FW7CQ+iGFhA5x95scAQ4mkcuM8loyDGmhAqud4V0yGRhIIOLadD+LoU/09axYJdLhSvSvn6aRpHFu2jA3SEbFRBdXSBGqiJKLpDD+gJPRv3xqPxYrzOWzNGOrOLfsB4+wS5apXT</latexit>

�t = N�⌧
<latexit sha1_base64="8ec8VD6lFB3YUOJMhz6AwBpQt2o=">AAAB+HicdVDJSgNBEO1xjXHJqEcvjUHwNMyEmOUgBPXgMYJZIDOEnk5P0qRnobtGiCFf4sWDIl79FG/+jZ1kBBV9UPB4r4qqen4iuALb/jBWVtfWNzZzW/ntnd29grl/0FZxKilr0VjEsusTxQSPWAs4CNZNJCOhL1jHH1/O/c4dk4rH0S1MEuaFZBjxgFMCWuqbBfeKCSDYBZLic+z0zaJt1W2nflbFS1IrZ6RSx45lL1BEGZp9890dxDQNWQRUEKV6jp2ANyUSOBVslndTxRJCx2TIeppGJGTKmy4On+ETrQxwEEtdEeCF+n1iSkKlJqGvO0MCI/Xbm4t/eb0Ugpo35VGSAovoclGQCgwxnqeAB1wyCmKiCaGS61sxHRFJKOis8jqEr0/x/6RdspyKVbopFxsXWRw5dISO0SlyUBU10DVqohaiKEUP6Ak9G/fGo/FivC5bV4xs5hD9gPH2CYl+kmI=</latexit>

�⌧ = 1

Completed!

Completed!

Completed!



Picard-Lefschetz theory

steepest descent

steepest ascend

absolutely convergent!!

(No oscillatory integrand!!)

<latexit sha1_base64="1yTkVGjawmHq5PSYly+94jKxikU="></latexit>Z

R
dN exp (iS(N))

<latexit sha1_base64="1r4IcBlUfW7qNOz/KRwkgHnXKaI="></latexit>Z

C
dN exp (iS(N))

<latexit sha1_base64="gXk8FfXsYuWkFkmiLCOzt8eva1k=">AAAB9HicdVDJSgNBEO2JW4xb1KOXxiDEyzATYpZb0IteJIJZIBlCT6eTNOlZ7K4JhiHf4cWDIl79GG/+jZ1kBBV9UPB4r4qqem4ouALL+jBSK6tr6xvpzczW9s7uXnb/oKmCSFLWoIEIZNslignuswZwEKwdSkY8V7CWO76Y+60Jk4oH/i1MQ+Z4ZOjzAacEtOR0gd1DfOXNcP76tJfNWWbVsqtnZbwklWJCSlVsm9YCOZSg3su+d/sBjTzmAxVEqY5theDERAKngs0y3UixkNAxGbKOpj7xmHLixdEzfKKVPh4EUpcPeKF+n4iJp9TUc3WnR2Ckfntz8S+vE8Gg4sTcDyNgPl0uGkQCQ4DnCeA+l4yCmGpCqOT6VkxHRBIKOqeMDuHrU/w/aRZMu2QWboq52nkSRxodoWOURzYqoxq6RHXUQBTdoQf0hJ6NifFovBivy9aUkcwcoh8w3j4Bf5CR8Q==</latexit>

Im(N)

<latexit sha1_base64="ogZQViOXqMRSN498nRTvd2QCgKM=">AAAB9HicdVDLSgNBEJyNrxhfUY9eBoOgl2VXNI9b0IsniWJiIFlkdtLRwdmHM73BsOQ7vHhQxKsf482/cZKsoKIFDUVVN91dfiyFRsf5sHIzs3PzC/nFwtLyyupacX2jpaNEcWjySEaq7TMNUoTQRIES2rECFvgSLv3b47F/OQClRRRe4DAGL2DXoegLztBIXhfhHtNzGNHd072rYsmxa45bO6zQKakeZKRco67tTFAiGRpXxfduL+JJACFyybTuuE6MXsoUCi5hVOgmGmLGb9k1dAwNWQDaSydHj+iOUXq0HylTIdKJ+n0iZYHWw8A3nQHDG/3bG4t/eZ0E+1UvFWGcIIR8uqifSIoRHSdAe0IBRzk0hHElzK2U3zDFOJqcCiaEr0/p/6S1b7tle//soFQ/yuLIky2yTXaJSyqkTk5IgzQJJ3fkgTyRZ2tgPVov1uu0NWdlM5vkB6y3T4EikfI=</latexit>

Re(N)

<latexit sha1_base64="9yD3mFrtN+F3DpIU6BXNCD7ZDbs=">AAAB+3icdVDJSgNBEO2JW4xb1KOXxiDEyzAjUZOb6MWTxCULJEPo6VS0Sc9Cd40kDPkVLx4U8eqPePNv7CyCij4oeLxXRVU9P5ZCo+N8WJm5+YXFpexybmV1bX0jv7lV11GiONR4JCPV9JkGKUKooUAJzVgBC3wJDb9/NvYb96C0iMIbHMbgBew2FD3BGRqpk99qIwwwvYIRLYprWrzY3+/kC45dcdzK4TGdknJpRo4q1LWdCQpkhmon/97uRjwJIEQumdYt14nRS5lCwSWMcu1EQ8x4n91Cy9CQBaC9dHL7iO4ZpUt7kTIVIp2o3ydSFmg9DHzTGTC807+9sfiX10qwV/ZSEcYJQsini3qJpBjRcRC0KxRwlENDGFfC3Er5HVOMo4krZ0L4+pT+T+oHtntkH1yWCiensziyZIfskiJxyTE5IeekSmqEkwF5IE/k2RpZj9aL9TptzVizmW3yA9bbJ5SRk4I=</latexit>

Re(iS(N))

saddle point

<latexit sha1_base64="smFdR3Lw2oRNQCv5rlOz52NKXTM=">AAAB73icdVDJSgNBEK2JW4xb1KOXxiB4GmaCRHMLevEYwSyQDKGn05M06e6ZdPcIYchPePGgiFd/x5t/Y2cRXB8UPN6roqpemHCmjee9O7mV1bX1jfxmYWt7Z3evuH/Q1HGqCG2QmMeqHWJNOZO0YZjhtJ0oikXIaSscXc381h1VmsXy1kwSGgg8kCxiBBsrtbuaDQTu+b1iyXOrnl+t+Og38V1vjhIsUe8V37r9mKSCSkM41rrje4kJMqwMI5xOC91U0wSTER7QjqUSC6qDbH7vFJ1YpY+iWNmSBs3VrxMZFlpPRGg7BTZD/dObiX95ndREF0HGZJIaKsliUZRyZGI0ex71maLE8IklmChmb0VkiBUmxkZUsCF8for+J82y61fc8s1ZqXa5jCMPR3AMp+DDOdTgGurQAAIc7uERnpyx8+A8Oy+L1pyznDmEb3BePwA5FpAc</latexit>�1

<latexit sha1_base64="3ZAuaYtc6c4JRWcklF7dudVytM0=">AAACC3icdVA9SwNBEN3zM8avqKXNkiDE5riTqEkhBG20kYgmCskR9jYbs2Rv79idE8OR3sa/YmOhiK1/wM5/4yYXQUUfDDzem2Fmnh8JrsFxPqyp6ZnZufnMQnZxaXllNbe23tBhrCir01CE6sonmgkuWR04CHYVKUYCX7BLv3808i9vmNI8lBcwiJgXkGvJu5wSMFI7l28Bu4XkJBjiIj/HxdPtbXyAU5GGUoM9bOcKjl1x3MruPk5JuTQhexXs2s4YBTRBrZ17b3VCGgdMAhVE66brROAlRAGngg2zrViziNA+uWZNQyUJmPaS8S9DvGWUDu6GypQEPFa/TyQk0HoQ+KYzINDTv72R+JfXjKFb9hIuoxiYpOmibiwwhHgUDO5wxSiIgSGEKm5uxbRHFKFg4suaEL4+xf+Txo7t7tk7Z6VC9XASRwZtojwqIhftoyo6RjVURxTdoQf0hJ6te+vRerFe09YpazKzgX7AevsEYreaDA==</latexit>

Im(iS(N)) = const.

I will show this with an easy example -> my PDF notes



Picard-Lefschetz theory
<latexit sha1_base64="mTrUa5tCrVsu5I/Dx51u8zyfMPQ="></latexit>Z

R
d� exp (iS(�))

<latexit sha1_base64="ng0ZXTTnv86dthLheKNxj3lgxAw="></latexit>Z

C
d� exp (iS(�))

<latexit sha1_base64="553ZNGu6D1daBmiICFW/uFRQDXg="></latexit>

C ⌘
X

�

n�J�
saddle point

<latexit sha1_base64="d6kMW9hPp+HozZ7Fo3atu/Nj4pE=">AAAB+XicdVDJSgNBEO1xjXEb9eilMQjxEmaCRHMLevEYxSyQCaGnU0ma9Cx01wTDkD/x4kERr/6JN//GziK4Pih4vFdFVT0/lkKj47xbS8srq2vrmY3s5tb2zq69t1/XUaI41HgkI9X0mQYpQqihQAnNWAELfAkNf3g59RsjUFpE4S2OY2gHrB+KnuAMjdSxbQ/hDtMbmNC8Fw/EScfOOYWy45ZLLv1N3IIzQ44sUO3Yb1434kkAIXLJtG65ToztlCkUXMIk6yUaYsaHrA8tQ0MWgG6ns8sn9NgoXdqLlKkQ6Uz9OpGyQOtx4JvOgOFA//Sm4l9eK8HeeTsVYZwghHy+qJdIihGdxkC7QgFHOTaEcSXMrZQPmGIcTVhZE8Lnp/R/Ui8W3FKheH2aq1ws4siQQ3JE8sQlZ6RCrkiV1AgnI3JPHsmTlVoP1rP1Mm9dshYzB+QbrNcPWgaTfg==</latexit>

Re(�)

<latexit sha1_base64="KKHSq5iTeplHgnhBxAoZTXLV3ok=">AAAB+XicdVDLSsNAFJ34rPUVdelmsAh1E5Ii1e6KbnRXwT6gCWUynbZDZ5Iwc1MsoX/ixoUibv0Td/6N04fg88CFwzn3cu89YSK4Btd9t5aWV1bX1nMb+c2t7Z1de2+/oeNUUVansYhVKySaCR6xOnAQrJUoRmQoWDMcXk795ogpzePoFsYJCyTpR7zHKQEjdWzbB3YH2bWc4KKfDPhJxy64TsX1KmUP/yae485QQAvUOvab341pKlkEVBCt256bQJARBZwKNsn7qWYJoUPSZ21DIyKZDrLZ5RN8bJQu7sXKVAR4pn6dyIjUeixD0ykJDPRPbyr+5bVT6J0HGY+SFFhE54t6qcAQ42kMuMsVoyDGhhCquLkV0wFRhIIJK29C+PwU/08aJccrO6Wb00L1YhFHDh2iI1REHjpDVXSFaqiOKBqhe/SInqzMerCerZd565K1mDlA32C9fgBYcZN9</latexit>

Im(�)
<latexit sha1_base64="JnkjE1KKCqsVqqLel9/iJU3g5EU=">AAAB/nicdVDJSgNBEO2JW4xbVDx5aQxCcgkzQaK5Bb14jEsWSELo6VSSJj0L3TViGAL+ihcPinj1O7z5N3YWwfVBweO9KqrquaEUGm373UosLC4tryRXU2vrG5tb6e2dmg4ixaHKAxmohss0SOFDFQVKaIQKmOdKqLvDs4lfvwGlReBf4yiEtsf6vugJztBInfReC+EW40sY06y4otlWOBC5XCedsfMl2ykVHfqbOHl7igyZo9JJv7W6AY888JFLpnXTsUNsx0yh4BLGqVakIWR8yPrQNNRnHuh2PD1/TA+N0qW9QJnykU7VrxMx87Qeea7p9BgO9E9vIv7lNSPsnbRj4YcRgs9ni3qRpBjQSRa0KxRwlCNDGFfC3Er5gCnG0SSWMiF8fkr/J7VC3inmCxdHmfLpPI4k2ScHJEscckzK5JxUSJVwEpN78kierDvrwXq2XmatCWs+s0u+wXr9APpolN0=</latexit>

Re(iS(�))
<latexit sha1_base64="smFdR3Lw2oRNQCv5rlOz52NKXTM=">AAAB73icdVDJSgNBEK2JW4xb1KOXxiB4GmaCRHMLevEYwSyQDKGn05M06e6ZdPcIYchPePGgiFd/x5t/Y2cRXB8UPN6roqpemHCmjee9O7mV1bX1jfxmYWt7Z3evuH/Q1HGqCG2QmMeqHWJNOZO0YZjhtJ0oikXIaSscXc381h1VmsXy1kwSGgg8kCxiBBsrtbuaDQTu+b1iyXOrnl+t+Og38V1vjhIsUe8V37r9mKSCSkM41rrje4kJMqwMI5xOC91U0wSTER7QjqUSC6qDbH7vFJ1YpY+iWNmSBs3VrxMZFlpPRGg7BTZD/dObiX95ndREF0HGZJIaKsliUZRyZGI0ex71maLE8IklmChmb0VkiBUmxkZUsCF8for+J82y61fc8s1ZqXa5jCMPR3AMp+DDOdTgGurQAAIc7uERnpyx8+A8Oy+L1pyznDmEb3BePwA5FpAc</latexit>�1

<latexit sha1_base64="juWJjXXMCnBZG1nEcFSR6djTYiw=">AAAB73icdVDJSgNBEK2JW4xb1KOXxiB4GmaCRHMLevEYwSyQDKGn05M06e6ZdPcIYchPePGgiFd/x5t/Y2cRXB8UPN6roqpemHCmjee9O7mV1bX1jfxmYWt7Z3evuH/Q1HGqCG2QmMeqHWJNOZO0YZjhtJ0oikXIaSscXc381h1VmsXy1kwSGgg8kCxiBBsrtbuaDQTulXvFkudWPb9a8dFv4rveHCVYot4rvnX7MUkFlYZwrHXH9xITZFgZRjidFrqppgkmIzygHUslFlQH2fzeKTqxSh9FsbIlDZqrXycyLLSeiNB2CmyG+qc3E//yOqmJLoKMySQ1VJLFoijlyMRo9jzqM0WJ4RNLMFHM3orIECtMjI2oYEP4/BT9T5pl16+45ZuzUu1yGUcejuAYTsGHc6jBNdShAQQ43MMjPDlj58F5dl4WrTlnOXMI3+C8fgA6mpAd</latexit>�2

steepest descent

steepest ascend

<latexit sha1_base64="VDPWRf0VZBzORCuYIfhhCkeZO/A=">AAAB+XicdVDLSgMxFM3UV62vUZdugkVwNUyKVLsQim5cVrAPaIchk2ba0CQzJJlCGfonblwo4tY/ceffmD4EnwcuHM65l3vviVLOtPH9d6ewsrq2vlHcLG1t7+zuufsHLZ1kitAmSXiiOhHWlDNJm4YZTjupolhEnLaj0fXMb4+p0iyRd2aS0kDggWQxI9hYKXRdGeY9zQYCh2gKLyEK3bLv1XxUqyL4myDPn6MMlmiE7luvn5BMUGkIx1p3kZ+aIMfKMMLptNTLNE0xGeEB7VoqsaA6yOeXT+GJVfowTpQtaeBc/TqRY6H1RES2U2Az1D+9mfiX181MfBHkTKaZoZIsFsUZhyaBsxhgnylKDJ9Ygoli9lZIhlhhYmxYJRvC56fwf9KqeKjqVW7PyvWrZRxFcASOwSlA4BzUwQ1ogCYgYAzuwSN4cnLnwXl2XhatBWc5cwi+wXn9ALMLkxA=</latexit>

n�1 = 1
<latexit sha1_base64="K5QU8OrarQyzh9o7DmV8xydyjIc=">AAAB+XicdVDLSsNAFL2pr1pfUZduBovgKiRFql0IRTcuK9gHtCFMppN26GQSZiaFEvonblwo4tY/ceffOH0IPg9cOJxzL/feE6acKe2671ZhZXVtfaO4Wdra3tnds/cPWirJJKFNkvBEdkKsKGeCNjXTnHZSSXEcctoOR9czvz2mUrFE3OlJSv0YDwSLGMHaSIFtiyDvKTaIcVCZokvkBnbZdWquV6t66DfxHHeOMizRCOy3Xj8hWUyFJhwr1fXcVPs5lpoRTqelXqZoiskID2jXUIFjqvx8fvkUnRilj6JEmhIazdWvEzmOlZrEoemMsR6qn95M/MvrZjq68HMm0kxTQRaLoowjnaBZDKjPJCWaTwzBRDJzKyJDLDHRJqySCeHzU/Q/aVUcr+pUbs/K9atlHEU4gmM4BQ/OoQ430IAmEBjDPTzCk5VbD9az9bJoLVjLmUP4Buv1A7MQkxA=</latexit>

n�2 = 0

: number of intersection between        and 

<latexit sha1_base64="L33ZajUJeBh6ruTgHwv3DRKcops=">AAAB/HicdVDLSsNAFJ34rPUV7dLNYBFchSStrd0V3YirCvYBTQiT6aQdOnkwMxFCiL/ixoUibv0Qd/6N04egogcuHM65l3vv8RNGhTTND21ldW19Y7O0Vd7e2d3b1w8OeyJOOSZdHLOYD3wkCKMR6UoqGRkknKDQZ6TvTy9nfv+OcEHj6FZmCXFDNI5oQDGSSvL0Su5gxOB14eWOoOMQeVbh6VXTsGpWrX4GTaPVajWaTUVMu9 aw69AyzDmqYImOp787oxinIYkkZkiIoWUm0s0RlxQzUpSdVJAE4Skak6GiEQqJcPP58QU8UcoIBjFXFUk4V79P5CgUIgt91RkiORG/vZn4lzdMZXDu5jRKUkkivFgUpAzKGM6SgCPKCZYsUwRhTtWtEE8QR1iqvMoqhK9P4f+kZxtWw7Bv6tX2xTKOEjgCx+AUWKAJ2uAKdEAXYJCBB/AEnrV77VF70V4XrSvacqYCfkB7+wT7YZUD</latexit>J�1

<latexit sha1_base64="1wUJxcRSgfZA68cy3nWJFHS/SU4=">AAAB/HicdVDLSsNAFJ34rPUV7dLNYBFchSStrd0V3YirCvYBTQiT6aQdOnkwMxFCiL/ixoUibv0Qd/6N04egogcuHM65l3vv8RNGhTTND21ldW19Y7O0Vd7e2d3b1w8OeyJOOSZdHLOYD3wkCKMR6UoqGRkknKDQZ6TvTy9nfv+OcEHj6FZmCXFDNI5oQDGSSvL0Su5gxOB14eWOoOMQeXbh6VXTsGpWrX4GTaPVajWaTUVMu9 aw69AyzDmqYImOp787oxinIYkkZkiIoWUm0s0RlxQzUpSdVJAE4Skak6GiEQqJcPP58QU8UcoIBjFXFUk4V79P5CgUIgt91RkiORG/vZn4lzdMZXDu5jRKUkkivFgUpAzKGM6SgCPKCZYsUwRhTtWtEE8QR1iqvMoqhK9P4f+kZxtWw7Bv6tX2xTKOEjgCx+AUWKAJ2uAKdEAXYJCBB/AEnrV77VF70V4XrSvacqYCfkB7+wT85pUE</latexit>J�2

<latexit sha1_base64="rbJGjeVyKFT0TqznZcIbRict2VQ=">AAAB8XicdVDJSgNBEK2JW4xb1KOXxiB4GmaCJOYW9OIxglkwGUJPpydp0t0zdPcIYchfePGgiFf/xpt/Y2cRXB8UPN6roqpemHCmjee9O7mV1bX1jfxmYWt7Z3evuH/Q0nGqCG2SmMeqE2JNOZO0aZjhtJMoikXIaTscX8789h1VmsXyxkwSGgg8lCxiBBsr3cp+1tNsKPC0Xyx5bs3zaxUf/Sa+681RgiUa/eJbbxCTVFBpCMdad30vMUGGlWGE02mhl2qaYDLGQ9q1VGJBdZDNL56iE6sMUBQrW9Kgufp1IsNC64kIbafAZqR/ejPxL6+bmug8yJhMUkMlWSyKUo5MjGbvowFTlBg+sQQTxeytiIywwsTYkAo2hM9P0f+kVXb9ilu+PivVL5Zx5OEIjuEUfKhCHa6gAU0gIOEeHuHJ0c6D8+y8LFpzznLmEL7Bef0AXtWRZQ==</latexit>n�

relevant

irrelevant

<latexit sha1_base64="wfkcAje8d9bIVtLStPSKhYPfZRg=">AAACDHicdVDLSgMxFM34rPVVdekmWIR2M8wUqXYhFN3orqJ9QFtKJs20oZnMkNwRy9APcOOvuHGhiFs/wJ1/Y/oQfB4IHM45l5t7vEhwDY7zbs3NLywuLadW0qtr6xubma3tmg5jRVmVhiJUDY9oJrhkVeAgWCNSjASeYHVvcDr269dMaR7KKxhGrB2QnuQ+pwSM1MlkW8BuIDkPRjh3mWtFfZ7P42M8VWkoNdgjk3LskuOWii7+TVzbmSCLZqh0Mm+tbkjjgEmggmjddJ0I2glRwKlgo3Qr1iwidEB6rGmoJAHT7WRyzAjvG6WL/VCZJwFP1K8TCQm0HgaeSQYE+vqnNxb/8pox+EfthMsoBibpdJEfCwwhHjeDu1wxCmJoCKGKm79i2ieKUDD9pU0Jn5fi/0mtYLtFu3BxkC2fzOpIoV20h3LIRYeojM5QBVURRbfoHj2iJ+vOerCerZdpdM6azeygb7BePwCt9prK</latexit>

Im(S(�)) = const.

on and

absolutely convergent!!

(No oscillatory integrand!!)

intersection

Intersection!!

NO intersection



Picard-Lefschetz theory -example-
<latexit sha1_base64="BferHVO4PehdUwdCGgI23+Y7X4M="></latexit>

Se↵(N, x) =
N3

3
+ xN

<latexit sha1_base64="DYoXe6HeV5Ok0FeFStEr3Kiyo3I="></latexit>

Ai(x) =

Z

R
dN exp[iSe↵(N, x)]

<latexit sha1_base64="VvDQnGcza6jdewZL3xTIEpjMAK0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewGUS9C0IvHiOYByRJmJ51kyOzsMjMrhiWf4MWDIl79Im/+jZNkD5pY0FBUddPdFcSCa+O6305uZXVtfSO/Wdja3tndK+4fNHSUKIZ1FolItQKqUXCJdcONwFaskIaBwGYwupn6zUdUmkfywYxj9EM6kLzPGTVWun+68rrFklt2ZyDLxMtICTLUusWvTi9iSYjSMEG1bntubPyUKsOZwEmhk2iMKRvRAbYtlTRE7aezUyfkxCo90o+ULWnITP09kdJQ63EY2M6QmqFe9Kbif147Mf1LP+UyTgxKNl/UTwQxEZn+TXpcITNibAllittbCRtSRZmx6RRsCN7iy8ukUSl75+XK3Vmpep3FkYcjOIZT8OACqnALNagDgwE8wyu8OcJ5cd6dj3lrzslmDuEPnM8f2kGNhQ==</latexit>

x = 1

<latexit sha1_base64="SIO++kVBhEXc6/wa9gyY+MGbMec="></latexit>

'
p
⇡

x1/4
exp

✓
�2

3
x3/2

◆
<latexit sha1_base64="ptQjSJ3iyP3bMCFedrn70e2CQRA=">AAACCnicdVDJSgNBEO2Je9xGPXppDUK8hJkYl4AH0YtHBbNAZgg9nZ6kSc9Cd40Yxjl78Ve8eFDEq1/gzb+xswgq+qDg8V4VVfW8WHAFlvVh5KamZ2bn5hfyi0vLK6vm2npdRYmkrEYjEcmmRxQTPGQ14CBYM5aMBJ5gDa9/NvQb10wqHoVXMIiZG5BuyH1OCWipbW7dOsBuICWymxVvdm/xMXZ8SWhaxk7Ms3Qva5sFq1S17Or+IR6To8qEHFSxXbJGKKAJLtrmu9OJaBKwEKggSrVsKwZXbwBOBcvyTqJYTGifdFlL05AETLnp6JUM72ilg/1I6goBj9TvEykJlBoEnu4MCPTUb28o/uW1EvCP3JSHcQIspONFfiIwRHiYC+5wySiIgSaESq5vxbRHdBKg08vrEL4+xf+TerlkH5TKl5XCyekkjnm0ibZREdnoEJ2gc3SBaoiiO/SAntCzcW88Gi/G67g1Z0xmNtAPGG+fHbOajg==</latexit>

|arg(x)| < 2⇡

3
for

<latexit sha1_base64="J56Ew4UO0C9Uqiebh2qA+UL5qnM=">AAAB9XicdVDLSsNAFJ3UV62vqks3g0VwFZJS+9gV3bisYB/QxDKZTtqhk0mYmagh7X+4caGIW//FnX/jtI2gogcuHM65l3vv8SJGpbKsDyO3srq2vpHfLGxt7+zuFfcPOjKMBSZtHLJQ9DwkCaOctBVVjPQiQVDgMdL1Jhdzv3tLhKQhv1ZJRNwAjTj1KUZKSzfT+yl0VAgdyn2VDIoly2xYduOsBpekXslItQFt01qgBDK0BsV3ZxjiOCBcYYak7NtWpNwUCUUxI7OCE0sSITxBI9LXlKOASDddXD2DJ1oZQj8UuriCC/X7RIoCKZPA050BUmP525uLf3n9WPl1N6U8ihXheLnIjxnUf84jgEMqCFYs0QRhQfWtEI+RQFjpoAo6hK9P4f+kUzbtqlm+qpSa51kceXAEjsEpsEENNMElaIE2wECAB/AEno0749F4MV6XrTkjmzkEP2C8fQIGqZLi</latexit>

|x| ! 1and



oscillatory integrand

~ Gaussian!!Lefschetz thimbles

<latexit sha1_base64="/8I25cDHyXto9x8xkHYPffYozA8="></latexit>Z 1

0
dNA(N) exp

�
iSP[T̄ , R̄, N ]

�

<latexit sha1_base64="pLvkGAlc37u1ODhV7eDBVG8V3c0="></latexit>Z

C
dNA(N) exp

�
iSP[T̄ , R̄, N ]

�



Coleman’s bubble


large bubble


small bubble

boundary condition on 
<latexit sha1_base64="/9IKcAIz2npsbCwxobKbvA/LAxc=">AAACEXicdVDLSgMxFM3UV62vqks3wSLUTZkpVduFUHTjspZWhU4pmTTV0ExmSO6IZZhfcOOvuHGhiFt37vwbM32Aih64cHLOveTe44WCa7DtTyszN7+wuJRdzq2srq1v5De3LnQQKcraNBCBuvKIZoJL1gYOgl2FihHfE+zSG56m/uUtU5oHsgWjkHV9ci35gFMCRurli018jF2PqLiZYBcXXWB3EBPZT1+tmddK9nv5gl2q2U7t4AhPSLUyJYc17JTsMQpoikYv/+H2Axr5TAIVROuOY4fQjYkCTgVLcm6kWUjokFyzjqGS+Ex34/FFCd4zSh8PAmVKAh6r3ydi4ms98j3T6RO40b+9VPzL60QwqHZjLsMImKSTjwaRwBDgNB7c54pRECNDCFXc7IrpDVGEggkxZ0KYXYr/JxflknNYKp9XCvWTaRxZtIN2URE56AjV0RlqoDai6B49omf0Yj1YT9ar9TZpzVjTmW30A9b7F9LQm88=</latexit>

R = R̄ (and T = T̄ )

<latexit sha1_base64="1dI8Emfsewa4LAIlEaQdGjKzQJ8="></latexit>

R(⌧ = 0) = 0 and R(1) = ⇢b

<latexit sha1_base64="sgCtsIXzdjJ0AC+HH3h5+aWiOtk="></latexit>

R(0) = 0 and R(1) > ⇢b

<latexit sha1_base64="kvp96kfWt8k8qZzwnqyO9mhNF+c="></latexit>

R(0) = 0 and R(1) < ⇢b

boundary condition changes the structure of 
<latexit sha1_base64="KNGlJIdzMZu1crxv0XL/26dW7dE=">AAACB3icdVDLSgMxFM3UV62vUZeCBItQoZSZWqvuim5cSdW+oFNKJs20oZkHSUYow+zc+CtuXCji1l9w59+YmVZQ0QOXezjnXpJ77IBRIQ3jQ8vMzS8sLmWXcyura+sb+uZWS/ghx6SJfebzjo0EYdQjTUklI52AE+TajLTt8Xnit28JF9T3GnISkJ6Lhh51KEZSSX1996YfWdyF9RgWLBvxqBEX034dF+HlQV/PG6XTBIdwSqoJMSqmYR5Bs2SkyIMZ6n393Rr4OHSJJzFDQnRNI5C9CHFJMSNxzgoFCRAeoyHpKuohl4helN4Rw32lDKDjc1WehKn6fSNCrhAT11aTLpIj8dtLxL+8biidk15EvSCUxMPTh5yQQenDJBQ4oJxgySaKIMyp+ivEI8QRliq6nArh61L4P2mVS2a1VL6q5GtnsziyYAfsgQIwwTGogQtQB02AwR14AE/gWbvXHrUX7XU6mtFmO9vgB7S3T593mIo=</latexit>

SP(T̄ , R̄, N)

e.g. position of the saddle points in N-space

<latexit sha1_base64="pLvkGAlc37u1ODhV7eDBVG8V3c0="></latexit>Z

C
dNA(N) exp

�
iSP[T̄ , R̄, N ]

�

<latexit sha1_base64="u9TphjQlmtonuDk3g3gHyna4y6k="></latexit>

�2⇡�R2
⇣
N

�2(fṪ 2 � f
�1

Ṙ
2)� 1

⌘
= H

Integrated E.O.M.
<latexit sha1_base64="h0uCDbDfXSx2cCRVkEg57Y/xdbg="></latexit>

4⇡�R2f(R)

 
Ṫ

N
� R

⇢0f(R)

!
= E

bubble’s total energyIntegration constant
set to zerofix H so that B.C. is satisfied



Coleman’s bubble

<latexit sha1_base64="hgRcDpsCjki/AuMoYdkevGxzhRQ="></latexit>

SP[T̄ , R̄, N ] =
2⇡�⇢3b

(1 + ⇢b/⇢0)2


coth

N

⇢b
� N

⇢b

�

<latexit sha1_base64="LmF5tCPpUHJ1HeidYyx4J/G1FAM="></latexit>

G(R = 0, R = ⇢b) ⇠
Z 1

0
dN exp (iSP(N)) =

Z

Cnew

dN exp (iSP(N)) ⇠ exp

✓
� ⇡2�⇢3b
(1 + ⇢b/⇢0)2

◆

<latexit sha1_base64="rcOTSP7oxFw2ITWhLfe4LL+oL/U=">AAACBHicdVDLSgMxFM3UV62vqstugkVwVWZK7WMhlLpxWcE+oDOUTJppQ5PMkGSEMszCjb/ixoUibv0Id/6N6UNQ0QOBwzn3cHOPHzGqtG1/WJm19Y3Nrex2bmd3b/8gf3jUVWEsMengkIWy7yNFGBWko6lmpB9JgrjPSM+fXs793i2RiobiRs8i4nE0FjSgGGkjDfOFC+gGEuGkNUxcyaFJEI5EmibldJgv2qWG7TTOa3BJ6pUVqTagU7IXKIIV2sP8uzsKccyJ0JghpQaOHWkvQVJTzEiac2NFIoSnaEwGhgrEifKSxREpPDXKCAahNE9ouFC/JxLElZpx30xypCfqtzcX//IGsQ7qXkJFFGsi8HJREDOoQzhvBI6oJFizmSEIS2r+CvEEmU606S1nSvi6FP5PuuWSUy2VryvFZmtVRxYUwAk4Aw6ogSa4Am3QARjcgQfwBJ6te+vRerFel6MZa5U5Bj9gvX0C3juYSg==</latexit>

=
BColeman

2

<latexit sha1_base64="nsfl45xW8T+2Lc/4I5tU15LLl8U="></latexit>

PDecay = |G(R = 0, R = ⇢b)|2 ⇠ exp (�BColeman)
consistent with the standard result!



<latexit sha1_base64="afmZCkhGnm2oyExXcQgz6M68GLQ="></latexit>

G(R = 0, R = Rbubble) ⇠
Z 1

0
dN exp (iSP(N)) ⇠ exp (�Bsmall/2)

<latexit sha1_base64="qTJ7ks3G3vDNIyZqfXQfQkBfO78=">AAACCHicdVBLSwMxGMzWV62vVY8eDBbBU9kttQ/wUOrFYwX7gHZZsmnahibZJckKZenRi3/FiwdFvPoTvPlvTNsVVHQgMJn5huSbIGJUacf5sDIrq2vrG9nN3Nb2zu6evX/QVmEsMWnhkIWyGyBFGBWkpalmpBtJgnjASCeYXM79zi2RiobiRk8j4nE0EnRIMdJG8u3jhp/0JYeKI8Zm8AKmd5MkHImZb+edQs1xa+cVuCTVUkrKNegWnAXyIEXTt9/7gxDHnAiNGVKq5zqR9hIkNcWMzHL9WJEI4QkakZ6hAnGivGSxyAyeGmUAh6E0R2i4UL8nEsSVmvLATHKkx+q3Nxf/8nqxHla9hIoo1kTg5UPDmEEdwnkrcEAlwZpNDUFYUvNXiMdIIqxNdzlTwtem8H/SLhbccqF4XcrXG2kdWXAETsAZcEEF1MEVaIIWwOAOPIAn8GzdW4/Wi/W6HM1YaeYQ/ID19gk6+ZmE</latexit>

Bsmall < BColeman

<latexit sha1_base64="aM+pZ7SK5BqRKoQwLzUTtTPFvcM="></latexit>

G(R = 0, R = Rbubble) ⇠
Z 1

0
dN exp (iSP(N)) ⇠ exp(�Blarge/2 + i✓(⇢b, R))

<latexit sha1_base64="afmZCkhGnm2oyExXcQgz6M68GLQ="></latexit>

G(R = 0, R = Rbubble) ⇠
Z 1

0
dN exp (iSP(N)) ⇠ exp (�Bsmall/2)

<latexit sha1_base64="F/y8eUZrI2wz5zyVKQbhc+VspMg=">AAACCHicdVDNSgMxGMzW//q36tGDwSJ4KrultvYgiF48KlgttMuSTb/W0CS7JFmhLD168VW8eFDEq4/gzbcxbVdQ0YHAZOYbkm+ihDNtPO/DKczMzs0vLC4Vl1dW19bdjc0rHaeKQpPGPFatiGjgTELTMMOhlSggIuJwHQ1Ox/71LSjNYnlphgkEgvQl6zFKjJVCd+ckzDpKYE5UH0b4COd3mwRB5Ch0S1654fmNgzqeksNqTmoN7Je9CUoox3novne6MU0FSEM50brte4kJMqIMoxxGxU6qISF0QPrQtlQSATrIJouM8J5VurgXK3ukwRP1eyIjQuuhiOykIOZG//bG4l9eOzW9wyBjMkkNSDp9qJdybGI8bgV3mQJq+NASQhWzf8X0hihCje2uaEv42hT/T64qZb9WrlxUS8cneR2LaBvton3kozo6RmfoHDURRXfoAT2hZ+feeXRenNfpaMHJM1voB5y3TyYomXc=</latexit>

Blarge = BColeman

phase rotation caused by the classical bubble expansion

<latexit sha1_base64="6gj+/8SzWmwrLFrl0eoNJuKOscQ=">AAACAHicdVDNS8MwHE3n15xfVQ8evASH4Km0Y+4DPAy9eJzi5mAtJcnSLaxpS5IKo+ziv+LFgyJe/TO8+d+YbRVU9EHg8d7vJfk9nIRMKtv+MApLyyura8X10sbm1vaOubvXlXEqCO2QOIxFDyNJQxbRjmIqpL1EUMRxSG/x+GLm395RIVkc3ahJQj2OhhELGEFKS755cO1nruAQp1hHpvAMumIU+9g3y7bVtJ3maR0uSKOak1oTOpY9RxnkaPvmuzuIScpppEiIpOw7dqK8DAnFiL645KaSJoiM0ZD2NY0Qp9LL5gtM4bFWBjCIhT6RgnP1eyJDXMoJx3qSIzWSv72Z+JfXT1XQ8DIWJamiEVk8FKQhVDGctQEHTFCiwokmiAim/wrJCAlElO6spEv42hT+T7oVy6lZlatquXWe11EEh+AInAAH1EELXII26AACpuABPIFn4954NF6M18Vowcgz++AHjLdPXWGWSg==</latexit>

Rbubble < ⇢b

small bubble

large bubble

A small bubble may have a chance to expand due to the external source

e.g. thermal radiation inside the bubble, external gravitational force etc..

picture: T. Hayashi

<latexit sha1_base64="QHLPf1IZDkoVN4/5ez5jMu4zg78="></latexit>

⇠
Z 1

0
dN exp (iSP(N)) ⇠ exp (�Blarge/2 + i✓(⇢b, Rbubble))

<latexit sha1_base64="5PBfvic0QsJqKkihQCXeNti1ZKU=">AAACCnicdVDLS8MwHE59zvmqevQSHYKn0o65x0EYevE4h3vAWkqapVtYm5YkFUbZ2Yv/ihcPinj1L/Dmf2O6VVDRDwJfvt8j+T4vDqiQpvmhLS2vrK6tFzaKm1vbO7v63n5XRAnHpIOjIOJ9DwkSUEY6ksqA9GNOUOgFpOdNLrN675ZwQSN2I6cxcUI0YtSnGEklufpRG55Dm48j14O2jGB2bbupzUPoJZ7aMnP1kmk0TKtxVoMLUq/kpNqAlmHOUQI5Wq7+bg8jnISESRwgIQaWGUsnRVxSrPYV7USQGOEJGpGBogyFRDjp3MoMnihlCP2Iq8MknKvfJ1IUCjENPdUZIjkWv2uZ+FdtkEi/7qSUxYkkDC8e8pMAKs9ZLnBIOcEymCqCMKfqrxCPEUdYqvSKKoQvp/B/0i0bVtUoX1dKzYs8jgI4BMfgFFigBprgCrRAB2BwBx7AE3jW7rVH7UV7XbQuafnMAfgB7e0TFEmZTw==</latexit>

R = ⇢b ! R = Rbubble

<latexit sha1_base64="a2eqhpfdDwktxeesFqwnFdFeluI=">AAACAHicdVDNS8MwHE3n15xfVQ8evASH4Km0Y+7jIkMvHqe4OVhLSbJ0C2vakqTCKLv4r3jxoIhX/wxv/jdmWwUVfRB4vPd7SX4PJyGTyrY/jMLS8srqWnG9tLG5tb1j7u51ZZwKQjskDmPRw0jSkEW0o5gKaS8RFHEc0ls8vpj5t3dUSBZHN2qSUI+jYcQCRpDSkm8eXPuZKzjEKdaRKTyDrhjFPvbNsm01bad5WocL0qjmpNaEjmXPUQY52r757g5iknIaKRIiKfuOnSgvQ0Ixoi8uuamkCSJjNKR9TSPEqfSy+QJTeKyVAQxioU+k4Fz9nsgQl3LCsZ7kSI3kb28m/uX1UxU0vIxFSapoRBYPBWkIVQxnbcABE5SocKIJIoLpv0IyQgIRpTsr6RK+NoX/k27FcmpW5apabp3ndRTBITgCJ8ABddACl6ANOoCAKXgAT+DZuDcejRfjdTFaMPLMPvgB4+0TYHeWTA==</latexit>

Rbubble > ⇢b



<latexit sha1_base64="FnGCSFoS540EdAO2Cgzmld3gjtE=">AAAB/XicdVDLSsNAFJ34rPUVHzs3g0VwY0hK7WNX60KXFewDmlgm02k7dCYJMxOhhuKvuHGhiFv/w51/47SNoKIHLhzOuZd77/EjRqWy7Q9jYXFpeWU1s5Zd39jc2jZ3dpsyjAUmDRyyULR9JAmjAWkoqhhpR4Ig7jPS8kfnU791S4SkYXCtxhHxOBoEtE8xUlrqmvvuBeIcQVdSDs8guUlOapOumbOtiu1UTktwTsqFlBQr0LHsGXIgRb1rvru9EMecBAozJGXHsSPlJUgoihmZZN1YkgjhERqQjqYB4kR6yez6CTzSSg/2Q6ErUHCmfp9IEJdyzH3dyZEayt/eVPzL68SqX/YSGkSxIgGeL+rHDKoQTqOAPSoIVmysCcKC6lshHiKBsNKBZXUIX5/C/0kzbzlFK39VyFVraRwZcAAOwTFwQAlUwSWogwbA4A48gCfwbNwbj8aL8TpvXTDSmT3wA8bbJ1aalIk=</latexit>

� ⇠ Ae�B

<latexit sha1_base64="2G/jLDc49gJFFyDK/27ATmkZmcM=">AAAB+3icbVDLSgMxFL3js9bXWJdugkVwVWeKqMtSNy4r2Ae0ZcikmTY0yQxJRizD/IobF4q49Ufc+Temj4W2HggczjmXe3PChDNtPO/bWVvf2NzaLuwUd/f2Dw7do1JLx6kitEliHqtOiDXlTNKmYYbTTqIoFiGn7XB8O/Xbj1RpFssHM0loX+ChZBEj2FgpcEv1C1QPsp4SyIapwDIP3LJX8WZAq8RfkDIs0Ajcr94gJqmg0hCOte76XmL6GVaGEU7zYi/VNMFkjIe0a6nEgup+Nrs9R2dWGaAoVvZJg2bq74kMC60nIrRJgc1IL3tT8T+vm5ropp8xmaSGSjJfFKUcmRhNi0ADpigxfGIJJorZWxEZYYWJsXUVbQn+8pdXSata8a8q1fvLcq2+qKMAJ3AK5+DDNdTgDhrQBAJP8Ayv8Obkzovz7nzMo2vOYuYY/sD5/AHN5ZOq</latexit> B
/B
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picture: T. Hayashi



We formulated the nucleation of a vacuum bubble in the Lorentzian path integral.

We demonstrated the nucleation of a bubble of arbitrary size and found: 

exponent of the nucleation rate of a bubble of standard size 
agrees with the Coleman’s result.

large bubble nucleation can be interpreted as 

nucleation of standard-size bubble + classical expansion

small bubble nucleates with higher probability

Summary

Our strategy is useful to search for other vacuum decay processes 
that are more probable than the known process. 

An arbitrary vacuum bubble can be set as the final state unlike the 
bounce calculation.

Still, some restrictions are imposed: no gravity and thin wall approximation.


