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ū{B } πρ

π

π

E*D

q2

ρ

ℓν
D → ρℓν → ππℓν
•  
• Lepton flavour universality 
• NP search

Vcd

Advantage: 

• More form factors (4) 

•
dΓ

dq2 dE* d ⃗ϕ



Introduction to Lattice QCD
• Wick rotation:  

• Path integral:    

•  

•

t → iτ

⟨O⟩ ∝ ∫ 𝒟ψ̄𝒟ψ𝒟U O e−Sfe−Sg

⟨O⟩ ∝ ∫ 𝒟U O det[D]e−Sg

⟨O⟩ ∝ ∑
i

O({U}i)

¥1
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 on 4 Ensemblesρ
:   I = 1,  J = 1  

• ,       

• ,       

• ,   

Source: PDGLive 

ρ

ρ → ππ Br ≈ 100 %

ρ → πγ Br = (4.5 ± 0.5) × 10−4

ρ0 → ππγ Br = (9.9 ± 1.6) × 10−3

C13 

•  

•  

•  

D6 

•  

•  

•

a = 0.114 fm

N3
s × Nt = 323 × 96

mπ = 317 MeV

a = 0.088 fm

N3
s × Nt = 483 × 96

mπ = 176 MeV

D5 

•  

•  

•  

E5 

•  

•  

•

a = 0.088 fm

N3
s × Nt = 483 × 64

mπ = 280 MeV

a = 0.068 fm

N3
s × Nt = 483 × 128

mπ = 287 MeV



2-point correlation functions

Cij(t) = ⟨O†
i (t)Oj(0)⟩

ρ
π

π

t t/a 0

ρ
π

π

t t/a 0

ρ

t t/a 0

ρ
= ∑

n

Zn*
i Zn

j

2En
e−Ent

π

π

t t/a 0

π

π π

π

t t/a 0

π

π



finite volume: 
• discrete symmetries,  Λ

infinite volume: 
•   symmetry 
•  infinite irreps ( ) 

O(3)
JP

Angular momentum on the lattice

Infinite volume:
• ܱ 3 symmetry
• Infinite irreps ܬ௉ = 0±, 1±,…

A lattice QCD study of the mesonȡ 9

Finite volume box:
• ܱ௛ symmetry
• 10 irreducible representations

Many-to-one mapping

[R.C Johnson]
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Finite volume box:
• ܱ௛ symmetry
• 10 irreducible representations

Many-to-one mapping
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J, ⃗P = ⃗p1 + ⃗p2

sthr

{ π( ⃗p1)⟩ π( ⃗p2)⟩ }

L, Λ, ⃗P = ⃗p1 + ⃗p2

sthr

{ n⟩}

L

⃗pi =
2π
L

⃗m ⃗m ∈ Z3



Projection operator

P(Λ)
r =

sΛ

g

g

∑
a=1

B(Λ)
rr (Ra)B(Ra)

Projector Irrep 
Reducible 

rep

Lattice at rest: 
 symmetryOh

Project:

π(p1)π(p2)

ρ (vector)
Yl,m

Λ

CJ,P CL,Λ,P



CΛ
ij = ⟨O†

i Oj⟩

O1(t, P) = ∑
x

d̄(t, x) γi u(t, x)eP⋅x

O2(t, P) = ∑
x

d̄(t, x) γ0γi u(t, x)eP⋅x

Oππ(t, P, p) =
1

2 (π+(t,
P
2

+ p)π0(t,
P
2

− p)

−π0(t,
P
2

+ p)π+(t,
P
2

− p))

O3+a(t, P) = Oππ(t, P, pa)

 operators:ρ

 operators:ππ

ππ

KK̄

KK̄

ππ

 non-interactive energyππ



GEVP
CΛ

ij (t)vΛn
j (t) = λΛn(t, t0) CΛ

ij (t0)vΛn
j (t)

λΛn(t, t0) = e−EΛ
n (t−t0)

λΛn(t, t0) = (1 − A)e−EΛ
n (t−t0) + Ae−EΛ

m(t−t0)

Excited state pollution model:

CΛ
ij (t) = ∑

n

ZΛn*
i ZΛn

j

2EΛ
n

e−EΛ
n t

t → ∞
Simple model

C13 ensemble:



AICFit multiple models: 

• Range:  

•  
• 1exp, 2exp  

Average over models: 

 

 

[tmin, tmax]
t0

AIC =
1

ND
log

χ2

ND
+ 2Npar + 2Nex

ωm =
exp[−0.5ΔAICm]

∑k exp[−0.5ΔAICk]

{EΛ} = ∑
m

ωm{EΛ
m}

Jay, Neil arXiv:2008.01069

https://arxiv.org/abs/2008.01069
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C(2)
L = C(2)

∞ − A′￼

1
−1
Λ (E*) + Λ(E*)

A

EΛ*
n

poles

Luscher NPB354 
Rummukainen, Gottlieb hep-lat/9503028 
Kim, Sharpe, Sachrajda hep-lat/0507006  
Briceno 1401.3312 
Woss, Wilson, Dudek 2001.08474 
Briceno, Dudek, Young 1706.06223 

C(2)
L = + + …

discrete spectrum where: 

det [ −1
Λ (E*) + Λ(E*)] = 0

fi{ }S

L
F T

TF

https://arxiv.org/abs/hep-lat/9503028
https://arxiv.org/abs/hep-lat/0507006
https://arxiv.org/abs/1401.3312
https://arxiv.org/abs/2001.08474
https://arxiv.org/abs/1706.06223


Flm,l′￼m′￼
=

q*
8πE*

δmm′￼
δll′￼

− i
4π
q* ∑

li,mi

4π
q*l

cl,m(E*)∫ Y*lmYlimi
Yl′￼m′￼

dΩ

T =
16πE*

k
E*Γ

(m2
ρ − E*2 − iE*Γ)

, Γ = g2
ρππ

k3

E*2



C13 QUANTIZATION CONDITION FIT

 g = 5.6 ± 0.3
mρ = 794 ± 5 MeV χ2/Dof = 0.50

 
 

g = 5.7 ± 0.3
mρ = 794 ± 5 MeV
r = 1.8 ± 1.8 fm

χ2/Dof = 0.39



Chiral extrapolation

• Analyse ensembles: C13, D5, D6, E5 

• Chiral and continuum extrapolation to the physical limit 
EG: breit-wigner

Spectroscopy

VEGA

T =
16πE*

k
E*Γ

(m2
ρ − E*2 − iE*Γ)

, Γ = g2
ρππ

k3

E*2

mρ = mρ,0 + c1m2
π + d1a2

gρππ = gρππ,0 + c2m2
π + d2a2

Done



Conclusion

•  spectroscopy on C13 ensemble 

TODO: 

•  spectroscopy on E5, D6, D5 
• Chiral and continuum extrapolation to the physical limit 

• Analyze  matrix elements

ρ

ρ

D → ρℓν


