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• False vacuum decay: tunnelling from false vacuum (FV) to true 
vacuum (TV)

Introduction
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• Motivation:


• : metastable Standard 
Model (SM) potential


•  early universe


•  spin chains 

D = 4

D = 3 :

D = 2 :

• General renormalizable potential of a real scalar field :ϕ

V(ϕ) =
λ
8 (ϕ2 − v2)2 + λΔv3 (ϕ − v) = λv2Ṽ(φ) φ = ϕ/v



Problem Framework

• Decay rate in general dimensions

Γ
V

= ( SR

2πℏ )
D/2 det′ [−∂2 + m2

B]
det [−∂2 + m2

FV]

−1/2

e−SR/ℏ−Sct

m2
B = V′ ′ (ϕ̄), m2

FV = V′ ′ (ϕFV)

•  : without zero eigenvalues

• The decay rate should vanish at  and 

det′ 

Δ = 0 Δ = Δmax

•  and  


• Dimensionless coupling ,  

0 < λ ≪ 1 0 < Δ ≪ 1

Δ Δmax = 1/ 27 ≈ 0.19245
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Bounce Solution
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• Unstable instanton configuration

• Extremizes the (Euclidean) action

• Radial  symmetryO(D)

φ′ ′ +
D − 1

ρ′ 

φ′ −
∂Ṽ
∂φ

= 0
φ̄′ (0) = φ̄′ (∞) = 0, φ̄(0) = φin, φ̄(∞) = φFV

ρ′ = λv2ρ



Bounce Solution
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• Thin-wall limit:

φ̄ =
∞

∑
n=0

Δnφn r =
1
Δ

∞

∑
n=0

Δnrn
φ0(z) = tanh (z /2)
r0 = (D − 1)/3

z = ρ′ − r

•  for numerical solutionφin ≠ φTV

first order 𝒪(Δ0)

• Absolute deviation of the thin-wall solution of order :𝒪(Δ2)



Bounce Action
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• Thin wall limit:

S =
v4−D

λD/2−1

ΩD

ΔD−1 ∫
∞

0
dρ′ (Δρ′ )D−1 [ 1

2
φ′ 2 + Ṽ(φ) − Ṽ(φFV)] =

v4−D

λD/2−1

ΩD

ΔD−1
S̃

ΩD = 2πD/2 /Γ(D/2)

S̃ =
∞

∑
n=0

ΔnS̃n

first order 𝒪(Δ0)

S̃0 =
ΩD

ΔD−1

2
3D ( D − 1

3 )
D−1

of order 𝒪(Δ4)



Renormalized Bounce Action

6/17

• Counterterm potential: Vct(ϕ) =
δλ

8
ϕ4 −

λδv

4
ϕ2 + λv3δΔϕ

• Counterterms cancel divergencies at one loop:

+ = 0 + = 0

+ + = 0

+ = 0

• Dimensional regularization with minimal subtraction (MS) scheme



Renormalized Bounce Action
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• D = 4 • D = 2
Counterterms

δΔ = 0, δλ =
9λ2

(4π)2ε
, δv =

3λv2

(4π)2ε

Renormalization group running

λ(μ) = λ0 +
9λ2

0

(4π)2
ln

μ
μ0

SR + Sct = S 1 −
9λ0

(4π)2 ( 1
ε

+ ln
μ
μ0 )

Counterterms

δΔ = 0, δλ = 0, δv =
3

2πε

Renormalization group running

v2(μ) = v2
0 +

3
2π

ln
μ
μ0

SR + Sct = S 1 +
15

4πv2
0 ( 1

ε
+ ln

μ
μ0 )

• In  all counterterms vanish in MS schemeD = 3

S ∝ λ−1 S ∝ v2



Quantum Fluctuations
• Contribution from quantum fluctuations:

det′ 𝒪
det 𝒪FV

−1/2

=
det′ [−∂2 + m2

B]
det [−∂2 + m2

FV]

−1/2

=
∞

∏
ℓ=0

det′ 𝒪ℓ

det 𝒪FV,ℓ

−1/2

 symmetryO(D)

• Gel’fand Yaglom:

does not remove the 
zero eigenvalues!

degeneracy factor

dℓ = (2ℓ + D − 2) (ℓ + D − 3)!
ℓ!(D − 2)!

d0 = 1, d1 = D

𝒪ℓ ψℓ(ρ) = 0, 𝒪FV,ℓ ψFV,ℓ(ρ) = 0 ψ(FV),ℓ (ρ ∼ 0) = ρℓ

det 𝒪ℓ

det 𝒪FV,ℓ
= lim

ρ→∞ ( ψℓ(ρ)
ψFV,ℓ(ρ) )

dℓ

= Rℓ(ρ → ∞)dℓ

ψFV,ℓ(ρ ∼ 0) = ρℓ, Rℓ(ρ = 0) = 1, R′ ℓ(ρ = 0) = 0
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Quantum Fluctuations
• Ratio 


•  for   single negative eigenvalue

•  for   zero eigenvalues


•  for   

Rℓ (ρ → ∞)
< 0 ℓ = 0 ⟶
= 0 ℓ = 1 ⟶
→ 1 ℓ ≫ 1 ⟶ 𝒪ℓ ≈ 𝒪FV,ℓ

9/17



Low Multipoles
• Low multipoles : ν < 1/Δ

Rℓ,low(ρ → ∞) = Δ2eD−1 3
4

(ℓ − 1) (ℓ + D − 1)
(D − 1)2

• Correct behaviour for 


• Does not converge to 1 for 
ℓ = 0,1

ℓ ≫ 1

of order 𝒪(Δ2)
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General Multipoles
• New multipole notation:  

• Treat  as of order 

ν = ℓ + D/2 − 1
νΔ 𝒪(Δ0)

Rν,gen(ρ → ∞) = (kν − 1) (2kν − 1)
(kν + 1) (2kν + 1)

e
3r0(kν − k2

ν − 1), k2
ν = 1 +

Δ2ν2

r2
0

• Does converge to 1 for 

• Does not recover the low multipole result

ℓ ≫ 1 of order 𝒪(Δ0)
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Removal of Zero Eigenvalues
• Using Gel’fand Yaglom does not account for removal of zero 

eigenvalues at 


• Add dimensionful  :  
ℓ = 1

μ2
ε (𝒪1 + μ2

ε ) ψε
1 = 0 → Rε

1 = ψε
1 /ψFV,1

R′ 1(ρ → ∞) = lim
μ2

ε →0

1
μ2

ε
Rε

1(ρ → ∞) =
1
12

eD−1

λv2

diverges 
for Δmax

reduced 
dimensionality
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Renormalized Ratio of Functional Determinants
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det′ 𝒪
det 𝒪FV

−1/2

= ( R0 R′ D
1

∞

∏
ℓ=2

det 𝒪ℓ

det 𝒪FV,ℓ )
−1/2

ln
det′ 𝒪

det 𝒪FV
⟶ D [ln R̃′ 1 − ln (λv2)] +

∞

∑
ν=ν0

dν ln Rν

• In thin-wall limit the ratio is dominated by high multipoles

ν0 = D/2 − 1

ln ( det 𝒪
det 𝒪FV )

• The sum diverges:
R̃′ 1 = eD−1/12

∑
ν≫1

dν ln Rν ≈
3r0 (2 − r0)

(D − 2)! ∑
ν≫1

νD−2 [ 1
ν

−
1
ν3 ( r0

2Δ )
2

]
Apply MS scheme

Both terms diverge in 
, only the first term 

diverges in 
D = 4

D = 2,3

∞

∑
ν=ν0

dν ln Rν →
∞

∑
ν=ν0

dν (ln Rν − ln Ra
ν )+ai Ĩi

Added in even dimensions, 
with  and  dependence ε μ



Renormalized Ratio of Functional Determinants
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−SR − Sct −
1
2

ln ( det 𝒪
det 𝒪FV )

D=4

≈ − S −
1

Δ3

27 − 2 3π
96

−SR − Sct −
1
2

ln ( det 𝒪
det 𝒪FV )

D=3

≈ − S −
1

Δ2

20 + 9 ln 3
54

−SR − Sct −
1
2

ln ( det 𝒪
det 𝒪FV )

D=2

≈ − S −
1
Δ

3π − 18
18

add R̃′ 1
contribution

Γ
V

∝ exp [−S −
1
2

Σf
D]

Σf
4 =

1
Δ3

27 − 2 3π
48

+ 12 − 4 ln 12

Σf
3 =

1
Δ2

20 + 9 ln 3
27

+ 6 − 3 ln 12

Σf
2 =

1
Δ

3π − 18
9

+ 2 − 2 ln 12

• The finite contribution of quantum fluctuations in the thin-wall limit:



Renormalized Ratio of Functional Determinants
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• Comparing the thin-wall and numerical results:

• Divergence to positive values 
in 


• Divergence to negative values 
in 

D = 4,3

D = 2
decay rate diverges?

no, the behaviour is as expected



Decay Rate
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• :    and   


• :    and  

Δ = 0 S → ∞ Σf
D → ± ∞

Δ = Δmax S → 0 Σf
D → ± ∞

Γ
V

≈ ( SR

2π
λ0v2

0)
D/2

exp (−S −
1
2

Σf
D)

Γ
V

→ 0

• Renormalization scale dependence in even dimensions

SR ≈
S [1 +

9λ0

(4π)2 ln μ
μ0 ], for D = 4

S [1 + 15
4πv2

0
ln μ

μ0 ], for D = 2



Conclusion
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• We explored false vacuum decay rate at one loop in various 
dimensions


• Found bounce solution and its action, which had to be 
renormalized


• Quantum fluctuations around the bounce solution give contribution 
to the decay rate through a ratio of functional determinants


• The decay rate vanishes in both limits, as expected


• The renormalization scale dependance has to be eliminated in even 
dimensions (higher order corrections)


• Future work could include additional scalars, would-be 
Goldstones, gauge bosons and fermions



Additional slides



Thin-Wall Limit Expansions
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• Bounce solution: φ0(z) = tanh ( z
2 ),

φ1(z) = − 1,

φ2(z) =
3

4(D − 1)cosh2(z /2) {[2 − D − 2 (4 + cosh z) ln (1 + ez)] sinh z

−z [D − ez (4 + sinh z)]
+3 [Li2 (−ez) − Li2 (−e−z)]}

• Bounce radius: r0 =
D − 1

3
, r1 = 0, r2 =

6π2 − 40 + D (26 − 4D − 3π2)
3(D − 1)

• Bounce action: S̃0 =
ΩD

ΔD−1 ( D − 1
3 )

D−1 2
3D

,

S̃2 =
ΩD

ΔD−1

−8D2 + (25 − 3π2) D + 1
2(D − 1)

,

S̃4 =
ΩD

ΔD−1

1
40(D − 1)3 [320D5 + 80D4 (3π2 − 49)

−3D3 (550π2 + 3π4 − 6185)
+5D2 (426π2 + 45π4 − 648ζ(3) − 7843)
+D (3240ζ(3) + 30635 + 360π2 − 414π4) + 105]



Gel’fand Yaglom Theorem
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• Contribution of quantum fluctuations:

𝒪ℓ = −
d2

dρ2
−

D − 1
ρ

d
dρ

+
ℓ (ℓ + D − 2)

ρ2
+ m2

B,

𝒪FV,ℓ = −
d2

dρ2
−

D − 1
ρ

d
dρ

+
ℓ (ℓ + D − 2)

ρ2
+ m2

FV

det′ 𝒪
det 𝒪FV

−1/2

=
∞

∏
ℓ=0

det′ 𝒪ℓ

det 𝒪FV,ℓ

−1/2

𝒪ℓ ψℓ(ρ) = 0
𝒪FV,ℓ ψFV,ℓ(ρ) = 0

ψ(FV),ℓ(ρ ∼ 0) = ρℓ

• Gel’fand Yaglom:

det 𝒪ℓ

det 𝒪FV,ℓ
= lim

ρ→∞ ( ψℓ(ρ)
ψFV,ℓ(ρ) )

dℓ

= Rℓ(ρ → ∞)dℓ

ψFV,ℓ(ρ ∼ 0) = ρℓ, Rℓ(ρ = 0) = 1, R′ ℓ(ρ = 0) = 0



Gel’fand Yaglom Theorem
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• Contribution of quantum fluctuations:

𝒪ℓ = −
d2

dρ2
−

D − 1
ρ

d
dρ

+
ℓ (ℓ + D − 2)

ρ2
+ m2

B,

𝒪FV,ℓ = −
d2

dρ2
−

D − 1
ρ

d
dρ

+
ℓ (ℓ + D − 2)

ρ2
+ m 2

FV

det′ 𝒪
det 𝒪FV

−1/2

=
∞

∏
ℓ=0

det′ 𝒪ℓ

det 𝒪FV,ℓ

−1/2

• Gel’fand Yaglom:

det 𝒪ℓ

det 𝒪FV,ℓ
= Rℓ(ρ → ∞)dℓ

ψ′ ′ FV,ℓ +
D − 1

ρ
ψ′ FV,ℓ = [

ℓ (ℓ + D − 2)
ρ2

+ m2
FV] ψFV,ℓ

R′ ′ ℓ + 2 (
ψ′ FV,ℓ

ψFV,ℓ ) R′ ℓ = (m2
B − m2

FV) Rℓ

ψFV,ℓ(ρ ∼ 0) = ρℓ, Rℓ(ρ = 0) = 1, R′ ℓ(ρ = 0) = 0



Renormalized Ratio in Thin-Wall Limit
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• Renormalized ratio:

I1 = ∫
∞

0
dρ ρ (m 2

B − m 2
FV) ≈ − 3 (2 − r0) ( r0

Δ ),

I2 = ∫
∞

0
dρ ρ3 [(m 2

B)2 − (m 2
FV)2] ≈ − 3 (2 − r0) ( r0

Δ )
3

,

Ĩ1 = ∫
∞

0
dρ ρ (m 2

B − m 2
FV) [ 1

ε
+ γ + ln ( μρ

2 )] ≈ −
1

6Δ
+ [ 1

ε
+ γ + ln

μ
6 λ0v0Δ ] I1,

Ĩ2 = ∫
∞

0
dρ ρ3 [(m 2

B)2 − (m 2
FV)2] [ 1

ε
+ γ + 1 + ln ( μρ

2 )] ≈ I2 [ 1
ε

+ γ +
5
4

+ ln
μ

2 λ0v0Δ ]

ln ( det 𝒪
det 𝒪FV )

D=4

=
∞

∑
ν=1

ν2 (ln Rν −
1
2ν

I1 +
1

8ν3
I2) −

1
8

Ĩ2

ln ( det 𝒪
det 𝒪FV )

D=3

=
∞

∑
ν=1/2

2ν (ln Rν −
1
2ν

I1)
ln ( det 𝒪

det 𝒪FV )
D=2

= 2 ln R0 +
∞

∑
ν=1

2 (ln Rν −
1
2ν

I1) + Ĩ1

dependent 
on  and ε μ

• UV integrals:

D = 2

D = 4



Numerical Methods
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• Finding bounce solution using shooting method:

φ′ ′ +
D − 1

ρ′ 
φ′ −

∂Ṽ
∂φ

= 0

φ̄(0) = φin, φ̄(∞) = φFV

φ̄′ (0) = φ̄′ (∞) = 0,

• Finite sum: Σf
4 = ln |R1 | −

1
2

I1 +
1
8

I2 + 4 (ln R′ 2 −
1
4

I1 +
1
64

I2)
+

∞

∑
ν=3

ν2 (ln Rν −
1
2ν

I1 +
1

8ν3
I2) −

1
8

ĨR
2,

Σf
3 = ln |R1/2 | − I1 + 3 (ln R′ 3/2 −

1
3

I1) +
∞

∑
ν=5/2

2ν (ln Rν −
1
2ν

I1),

Σf
2 = ln |R0 | + 2 (ln R′ 1 −

1
2

I1) +
∞

∑
ν=2

2 (ln Rν −
1
2ν

I1) + ĨR
1

without  term 
and 

ε
μ = 1



Numerical Methods
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• Finding ratio Rν :

d2

dρ2
+ 2

1
2ρ

+ m2
FV

I′ ν ( m2
FV ρ)

Iν ( m2
FV ρ)

d
dρ

− (m2
B − m2

FV) Rν(ρ) = 0

modified Bessel function of the first type 
 comes from the analytic solution:Iν

ψFV,ν(ρ) = cν ρIν ( m2
FV ρ)Rν(ρ = 0) = 1, R′ ν(ρ = 0) = 0

initial conditions:

• Finding reduced ratio R′ D/2 :

for low values of :z

Iν(z) = ( z
2 )

ν ∞

∑
k=0

( 1
4 z2)

k

k! Γ(ν + k + 1)

(𝒪R,D/2 − μ2
ε ) (RD/2(ρ) + μ2

ε R′ D/2(ρ)) = 0

𝒪R,ν

𝒪R,D/2R′ D/2(ρ) = RD/2(ρ)



Dimensional Analysis and Dimensionless Quantities
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• Known dimensionalities: [xμ] = − 1, [dxμ] = − 1, [∂μ] = 1, [S] = 0

• We get:
[S] = [dDx∂μϕ∂μϕ] = D[dx] + 2[∂μ] + 2[ϕ] ≡ 0 ⇒ [ϕ] =

1
2

(D − 2),

[S] = [dDxλϕ4] = D[dx] + 4[ϕ] + [λ] ≡ 0 ⇒ [λ] = 4 − D,

[S] = [dDxλv4] = D[dx] + [λ] + 4[v] ≡ 0 ⇒ [v] =
1
2

(D − 2),

[S] = [dDxλv4Δ] = D[dx] + [λ] + 4[v] + [Δ] ≡ 0 ⇒ [Δ] = 0

• In thermal ( ) field theory time dimension becomes compactified, 
reducing the effective dimensionality of the theory to 

D = 4
D = 3

[S] = [d3xλv4Δ] = 1 [S/T ] = [S] − [T ] = 0divide  by S T

• Decay rate and ratio of determinants:

[Γ] = − [τ] = 1 [Γ/V ] = D =
det′ [−∂2 + m2

B]
det [−∂2 + m2

FV]

−1/2



Path Integral in Euclidean Space
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• Path integral in quantum mechanics (QM):

G(xf , tf; xi, ti) = N∑
all paths x(t)

eiS[x(t)]/ℏ = N∫𝒟x eiS[x(t)]/ℏ

• Path integral in scalar quantum field theory (SQFT):

G(ϕf , tf; ϕi, ti) = ∫ 𝒟ϕ eiS[ϕ]/ℏ

• Euclidean space  :t → − itE
GE(xf , tf; xi, ti) = N∫ 𝒟x e−SE[x(t)]/ℏ, SE[x(t)] = ∫ dtE LE

GE(ϕf , tf; ϕi, ti) = ∫ 𝒟ϕ e−SE[ϕ]/ℏ, SE[ϕ] = ∫ d4xE ℒE

QM:


SQFT:


