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Introduction

* False vacuum decay: tunnelling from false vacuum (FV) to true

vacuum (TV)

 Motivation:

« D = 4: metastable Standard
Model (SM) potential

A

V(g)

drv
« D = 3 : early universe : ey 45
« D =72 :spin chains
 General renormalizable potential of a real scalar field ¢:
Ao )2 3 27
V(¢)=_<€/7 —V ) + AAv (¢—v) = V(p) | ¢ =¢/v
3 |




Problem Framework

e U<ixland 0 < Ax 1

« Dimensionless coupling A, A .. = 1/4/27 ~ 0.19245

 Decay rate in general dimensions

—1/2

r ( Sk )D/2 det’ [—d2+m§] o hos

— é R ct
2rh det [—02 + mg]

|4

my = V'(p), mgy = V(dpy)

A T x10-1

 det’: without zero eigenvalues
« The decay rate should vanishat A =0and A = A__.,
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Bounce Solution

* Unstable instanton configuration
* Extremizes the (Euclidean) action

« Radial O(D) symmetry

D-1 oV 0 p =\

p op P'(0)=¢(0) =0, PO0) =, H(0)=@py
(/)ij T A I /g(p ), A=005
D=3D=4 X
o P
Prv e e Prv A




Bounce Solution

e Thin-wall limit:

first order O(A)

@ziA”(pn r=%iA”rH >
n=0 n=0

¢o(z) = tanh (z/2)
ro=(D—-1)/3

« Absolute deviation of the thin-wall solution of order O(A?):
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Bounce Action

4-D

V QD 0 , , D—1 1 9 o~ ~
> = )D2—1 AD-1 ,[0 v (Ap> [Ew + V) - V(CDFV)] -

=D QL

1D2—1 AD-1

Q, =27P72/T(D/2)

+ Thin wall limit: 5= " An3,

n=0

Action of the bounce solution
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Renormalized Bounce Action

A8
“h? + W3S,

)
» Counterterm potential: Vct(¢)=§/1¢4— ;

* Counterterms cancel divergencies at one loop:

* Dimensional regularization with minimal subtraction (MS) scheme

6/17



Renormalized Bounce Action

e D=4
Counterterms
9,2 312
o, =0, 9, = , 0, =
(4r)2e (4r)2e

Renormalization group running
Sox A7

\7 Ap) = Ag+

9
In —
4r)% U

9/10 1 M
Sp+S,.=3511- — 4+ In—
(4n)? \ € Ko

e D=2
Counterterms

3
5A=0’ 6/1:0, 6\}:_
2re

Renormalization group running

S x v?

3. M

2 2
\vv =v5+—In—
(1) 0T S o

15 1 7
Sp+S4=398 1+4 + In —

e In D = 3 all counterterms vanish in MS scheme



Quantum Fluctuations

e Contribution from quantum fluctuations: O(D) symmetry

~1/2 —1/2 { —1/2
det’ © det’ |[—0* + mg ﬁ det' O,

det @FV,K

det Opy det |—0% + my|

=0

* Gel'fand Yaglom:

Opwp) =0, Opy o Wpy(P) =0 Ypy)  (p~0)= p’

+— degeneracy factor

dy
det O . v (p) A
‘= lim 4 =R, (p — o0)¥ (2¢4+D-2) (¢+D-3)!
det Opy,  p—>oo \ YWry Ap) dp = 21D —2)!

Wiy (p~0)=p°, Rlp=0)=1, Ryp=0)=0 dy=1, dy=D

does not remove the
zero eigenvalues!
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Quantum Fluctuations

 Ratio R, (p — o0)
e < (0forZ = (0 — single negative eigenvalue
« =(0for?Z =1 — zero eigenvalues
e = lford>»1— 0,~ Oy,

Ratio Ry(p = »)
D=3
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log(£) log(Z)
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Low Multipoles

» Low multipoles v < 1/A:

R, jow(p = o0) = A%eP!

3(¢-1)(¢+D-1)

(D — 1)

of order O(A?)

« Correct behaviour for = 0,1

« Does not converge to 1 for £ > 1

Absolute deviation Ry jow(p = )
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General Multipoles

* New multipole notation: v =7+ D/2 — 1
. Treat vA as of order O(AY)

(kv - 1) <2kl/ — 1) 63”0<kv‘\/ku27—1> 12 A?%?

, k=1
(k,+1) (2k,+ 1) T e

Rl/,gen(p —> 00) —

of order O(AY)

» Does converge to 1 for £ > 1
* Does not recover the low multipole result

Absolute deviation R; gen(p = «)
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0.15 510 0.15 | ,A~-3 0.15
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Removal of Zero Eigenvalues

* Using Gel’fand Yaglom does not account for removal of zero
eigenvalues at £ = 1

« Add dimensionful ,43 : (@1 +,u€) =0 —> R = f/llfFV,l

1 P! | reduced

1
Ri(p = o0) = lim —Rg — 00 i i i
1(p ) = a2 (P ) = 12 a2, | dimensionality

| diverges
Ratio AV2R](p - ) for A

D=4 D = D=2
! 10* - 4}
10° ’ 100

AVZR]
=
<
[
[
o [
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]
[
_ b ¢
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A JAY A
e Numerical - = Thin wall Nax = 1/V 27
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Renormalized Ratio of Functional Determinants

det’ O —1/2 det O —1/2
et’ ~yy detO,
- (1] T o )

det O FV

* |n thin-wall limit the ratio is dominated by high multipoles

— A det ©
det’ © i ln<det@ )
In |— >D[1nR’1—1n (/Ivz)] +Y dInR, Py
c
v \Ri:el)_l/lz V—VOK/UO:D/z—l

 The sum diverges:

(2—r0) Do _1 1 1y 2
2 4R, = (D—2)! 2 Z_zﬂ(zA)

r>1

— Apply MS scheme

i d,InR, — i d, (lnRy—lan)

V=UO I/=I/O
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Renormalized Ratio of Functional Determinants

1 det O 1 27 —24/3x
~Sg=Sa—5In| - R-S—-—
et@FV A 96
D=4
o g L [ _detO ¢_ 1 204+9n3 add R; R r . [ < 12f]
_ _ C T A ~ = _ . . X X T N
C 2 detOry )| Az 54 contribution |V T 2 P
1 det O 1 /37— 18
_&_S”m5m<€;@ > ’w_S_A\[;S
FV D=)
* The finite contribution of quantum fluctuations in the thin-wall limit:
1 27 —=24/37
> = V3 +12—-41n12
4 A3 48
1 204+9In3
5 = 2 L 6-3In12
3 A2 27
1 /37— 18
> = V3 +2-21In12
2 A 9
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Renormalized Ratio of Functional Determinants
 Comparing the thin-wall and numerical results:

20

D=2
1.10 r\
1.05 - . ~~~~~~~
1.001 | t
0.95 - '
®
| 0.90- | | o
0.1 0.2 0.1 0.2 0.1 0.2
A A A
e Numerical - = Thin-wall Amax = 1/5
Product Sexp(—S — 25/2)
e Divergence to positive values 5] e Numerical
. Q)
inD = 4,3 N0l == Amac=1N2ZT %
. . I
* Divergence to negative values w15
inD =2 l ;.’_ 10 - /
v
. w2 '
decay rate diverges? K
~_ - 0.05 0.10 0.15 0.

A

no, the behaviour is as expected
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Decay Rate

r
v o\2

— 4V
T

D/2
Ly
> exp (—S — EZD>

e A=0: § - o0 and Z];—>ioo

e A=A S—0and ¥ -+

—

I
|4

— 0

 Renormalization scale dependence in even dimensions

-

S11+
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Conclusion

We explored false vacuum decay rate at one loop in various
dimensions

Found bounce solution and its action, which had to be
renormalized

Quantum fluctuations around the bounce solution give contribution
to the decay rate through a ratio of functional determinants

The decay rate vanishes in both limits, as expected

The renormalization scale dependance has to be eliminated in even
dimensions (higher order corrections)

Future work could include additional scalars, would-be
Goldstones, gauge bosons and fermions
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Additional slides



Thin-Wall Limit Expansions

. <
e Bounce solution: @q(z) =tanh <5>,

e Bounce radius:

e Bounce action:

py(z) =

-, I’1=O, 1’2—

p(z2) = — 1,

3
4(D — 1)cosh2(z/2)

{[2=D—-2(4+coshz)In(l + €] sinhz
—Z [D — et (4 + sinh z)]
+3 |Li, (—e®) — Liy (—e™9)| }

D—1 6x* — 40 + D (26 — 4D — 37?)
3(D—1)

Q, (D-1\"" 2
AD-1 3 3D’

Q, —8D*+(25-37*)D+1

27 AD-I 2D —1)

9

p

S, =
TTAD-140(D — 1)3

320D° + 80D* (37* — 49)

—3D" (5507* + 37* — 6185)
+5D* (4267° + 457" — 648£(3) — 7843)

+D (32404(3) + 30635 + 3607” — 4147*) + 105
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Gel’fand Yaglom Theorem

e Contribution of guantum fluctuations:

~1/2 —1/2

det’' O B ﬁ det’' O,
det Opy | 54 det Opy
& D-1d ¢(¢+D-2) |
6, = — — + +m2,
dp? p dp p*
o ¢ D-1d ¢(¢+D-2) ,
VT T T T, + e T Mgy
* Gel’fand Yaglom:
d
Oy p) =0 det © ‘
- ( ) 0 _— cllp — lim WL”(ID) _ Rf(p N OO)df
FV.,r l/jFV,f P) = det @FV,K p— 00 l//FV,f(p)
Wiy (p ~ 0) = p* ey (p ~0)=p’, RAp=0)=1, Rip=0)=0
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Gel’fand Yaglom Theorem

e Contribution of quantum fluctuations:

~1/2 —172
det’© ﬁ det’'O,
det @FV -0 det @FV,K
. d D_1d+f(£+D—2)+ ,
T dp2 p dp p> e
& Dp-14d ¢(¢+D-2)
* Gel'fand Yaglom:
D-1 ¢ (¢+D-2) '
7 / _ 2
det O, = R, (p — o0 Wrv,e T —, Yev,e = 2 T Mey | YRy,
det @Fv,f \\' L |

RL’,!+2(

/
YEv,r

YErv ¢

)R; (- m2) R,

Wiy Ap ~0)=p’, Rip=0)=1,

Ri(p=0)=0
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Renormalized Ratio in Thin-Wall Limit

e Renormalized ratio:

det O — 1 1 1.
ln © - 21/2 <lnRy—_Il +_312> —_12
detOry /|, = w8 ) 8
det © — 1
[ _de _ Z 5 (m R - _]1> dependent
det Opy D=3  v=1/2 2” on € and y
det O — 1 -
In - =21n1€0+22<1nRD——11>+I1 /
detOpy /| _, o v

e UV integrals:

r OO

I, = dpp(mé—m%v)z—3(2—ro) (X)’
Jo

Jo
I S 1 up\ |p=2 1 1 U
L= d m2 —m?2 +y+In| — ~ ——+ |—+y+In I
1 ], PP( 5~ My) [ Y < > )] 6A [8 g p /IOVOA] 1
y = D=4 1
12=J dpp3[(m§)2—(m§\,)2] +y+1+1In <E> ~ L |—+y+—+In s
0 € 2\/70VOA



Numerical Methods

* Finding bounce solution using shooting method:

| p(p") ’ tag = 1
D-1 %

§0”+ ; g0/__:0
p o

>
. ¢'(0) = ¢'(0) = 0, P

Pev @ p0) =@y, P(c0)= @py
\ tag = -1

L 1 1 1 1
* Finite sum: ¥ =R |-=I,+=L+4 IR ——I, +—1I,
2 8 4 64 |
without € term

E 2 R d —_

v=3

1 — 1
: 3 v=>5/2 2

1 X 1 3
Y =In|Ry|+2(InR, —=I, )+ Y 2(InR ——1, ) +I¥
) | ()l < 1 2 1) U;z < v 2y 1) 1
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Numerical Methods

e Finding ratio R}, :

- _ —_

42 1 I, ( m%vﬂ) d
155 T2 _+\/””1%V — (mg —mgy) ¢ R(p) =0
2 > dp
I < mFVp>

\’ modified Bessel function of the first type
I, comes from the analytic solution:

Initial conditions: :
= 1
R(p=0=1 R(p=0)=0 Viev () = C/P, ( mFVP>
for low values of Z:

1

k
2\ (ZZ2>
L) = <5> Zk!r(u+k+1)

k=0

» Finding reduced ratio Ry, :

(Orprn — 1Z) (Rpp(p) + 1Rp(p)) =0 —| O ppRpp(p) = Rpp(p)
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Dimensional Analysis and Dimensionless Quantities

Known dimensionalities: [x*]=—-1, [dx¥]= -1,

We get:

[S] = [dPxd,p0"$] = D[dx] + 2[9,] + 2[p] = O

[S] = [dPxA¢p*] = D[dx] + 4[] + [A] =0

[S] = [dPxAv*] = D[dx] + [A] + 4[v’

[S] = [dPxAv*A] = D[dx] + [A] + 4[v] + [A]

0

0

L

=

[0,]=1, [S1=0

1
, 1
hv] — E(D _ 2)9
Al =0

In thermal (D = 4) field theory time dimension becomes compactified,
reducing the effective dimensionality of the theory to D = 3

divide Sby T

— [S] = [Pxv*A]l =1

Decay rate and ratio of determinants:

IN=—-[r]=1— [I'/V]=D =

det’ [—0* + mg]

> [S/T]=1[5]-[T]=0

~1/2 |

det [— 02 + m3y |
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Path Integral in Euclidean Space

* Path integral in quantum mechanics (QMj:

(-xf’ tf)

Gl t501) =N, SV g
all paths x(7)

(x; 1) x(1)

» Path integral in scalar quantum field theory (SQFT):
P(x,y)

T¢(x7 y)

G(pp 1, i 1) = J9¢ eV

X

» Euclidean space t = — 1f:

QM:  Gelxstix,1) = NJ@xe‘SE[x(t)]/h, S [x(H)] = Jth Ly

SQFT: Gg(¢y.t: ¢, 1) = [9¢e‘5E[¢]’h, S = Jd“xE L
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