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Introduction



Functional determinant
Effective action (Euclidean)

Γ[ϕ] = S[ϕ] + ln∫ 𝒟φe−S[ϕ+φ]+ dΓ
dϕ φ

= S[ϕ] −
1
2

ln det[−∂2 + m2(x)] + 𝒪(ℏ2)

ϕ̃(k) ϕ̃(−k)

ϕ̃(k2)
ϕ̃(−k1 − k2)

ϕ̃(k1) ϕ̃(0)

ϕ̃(−k)ϕ̃(k)

ϕ̃(−k1 − k2)

ϕ̃(k1)
ϕ̃(k2)

… …

One-loopTree
ϕ̃(0)

m2(x) = V′ ′ (ϕ(x))



Functional determinant

Effective potential (Euclidean)
Veff(ϕ) = Γ[ϕ = const.]

= V(ϕ) −
1
2

ln det[−∂2 + m̂2] + 𝒪(ℏ2)

const.

ln det[−∂2 + m̂2] = tr ln[−∂2 + m̂2]

= 𝒱∫
dDk

(2π)D
ln[k2 + m̂2] (Divergent)

Spacetime volume

Calculation

Eigenstate: eikx

m̂2 = V′ ′ (ϕ)



Functional determinant

Effective potential (Euclidean)
Veff(ϕ) = Γ[ϕ = const.]

= V(ϕ) −
1
2

ln det[−∂2 + m̂2] + 𝒪(ℏ2)

const.

ln det[−∂2 + m̂2] = tr ln[−∂2 + m̂2]

= 𝒱∫
dDk

(2π)D
ln[k2 + m̂2] (Divergent)

→ 𝒱μ2ε ∫
dD−2εk

(2π)D−2ε
ln[k2 + m̂2] Dimensional regularization

Spacetime volume

Calculation

Eigenstate: eikx

m̂2 = V′ ′ (ϕ)



Functional determinant

Effective potential (Euclidean)
Veff(ϕ) = Γ[ϕ = const.]

= V(ϕ) −
1
2

ln det[−∂2 + m̂2] + 𝒪(ℏ2)

const.

ln det[−∂2 + m̂2] = tr ln[−∂2 + m̂2]

= 𝒱∫
dDk

(2π)D
ln[k2 + m̂2] (Divergent)

→ 𝒱μ2ε ∫
dD−2εk

(2π)D−2ε
ln[k2 + m̂2] Dimensional regularization

→ − 𝒱
d
ds ∫

dDk
(2π)D

[k2 + m̂2]−s Zeta function regularization

Spacetime volume

Calculation

Eigenstate: eikx

m̂2 = V′ ′ (ϕ)



Functional determinant
Effective action (Euclidean)

Γ[ϕ] = S[ϕ] + ln∫ 𝒟φe−S[ϕ+φ]+ dΓ
dϕ φ

= S[ϕ] −
1
2

ln det[−∂2 + m2(x)] + 𝒪(ℏ2)

ln det[−∂2 + m2(x)] = tr ln[−∂2 + m2(x)]

= ∑
i

ln λi
[−∂2 + m2(x)]ψi = λiψi

(Divergent)

How do we regularize the UV divergence?
-> Subtract-and-add-back technique (spherically symmetric case)

Baacke-Lavrelashvili ’04 (Feynman diagram)

Dunne-Kirsten ’06 (WKB)

Hur-Min ’08 (Radial WKB)

Shoji-Yamaguchi ’25 (Heat kernel expansion)

Eigenstate: ψi

Calculation

[Dunne-Hur-Lee-Min ’04 for QCD instantons]



Subtract-and-add-back 
technique



Setup

[−∂2 + m2( |x | )]ψνχi = λνiψνχi

Spherical symmetry

ψνχi(x) =
fνχi( |x | )

|x |
D
2 −1

Yνχ( ̂x)

[−∂2
r −

1
r

∂r +
ν2

r2
+ m2(r)] fνχi(r) = λνi fνχi

ln
det[−∂2 + m2( |x | )]

det[−∂2 + m̂2]
= ∑

ν

dν ln
∏i λνi

∏i
̂λνi

χ = 1,2,⋯, dν

ν =
D
2

− 1,
D
2

, ⋯, ∞

m2(r) → m̂2
fast enough

Yνχ( ̂x) : Hyper-spherical function

Ratio of determinants

We are not interested in the Casimir energy that diverges proportional to the volume

The ratio is often an important quantity, e.g. prefactor of vacuum decay rate

: Label for degenerate states

: (Shifted) angular momentum

dν ∼ νD−2

Angular part

Radial part

Eigenstates



Subtract-and-add-back technique

S = [∑
ν

sν]
reg

1. The sum should become finite
(Converges as #nu increases)

Regularized sum 
of the reference series

ln
det[−∂2 + m2( |x | )]

det[−∂2 + m̂2]
= ∑

ν

dν ln
∏i λνi

∏i
̂λνi

− sν + S

The sum over i can be taken using the Gelfand-Yaglom theorem and is finite

2. The regularized value should be known

dν ln
∏i λνi

∏i
̂λνi

− sν < Cν−n

n ≥ 2

“Larger n, Smaller C”

Enables early truncation of the series

The easier, the betterWhat is a “better” choice?



Feynman diagrammatic approach

ln
det[−∂2 + m2]
det[−∂2 + m̂2]

= tr ln [1 +
1

−∂2 + m̂2
δm2]

= tr [ 1
−∂2 + m̂2

δm2] −
1
2

tr [ 1
−∂2 + m̂2

δm2 1
−∂2 + m̂2

δm2] + ⋯ δm2 = m2 − m̂2

The first few terms are divergent

sν =
amax

∑
a=1

(−1)a−1

a
dνtr [Pν ( 1

−∂2 + m̂2
δm2)

a

] ⟨x |Pν(χ) |x′ ⟩ = δ( |x | − |x′ | )Y*νχ(x)Yνχ(x′ )

S =
amax

∑
a=1

(−1)a−1

a
tr [( 1

−∂2 + m̂2
δm2)

a

]

This can be computed using the Gelfand-Yaglom theorem

Usual Feynman diagrammatic computation 
(Dimensional Regularization)

Baacke-Lavrelashvili ’04



WKB approach

ln
det[−∂2 + m2]
det[−∂2 + m̂2]

= tr [ 1
−∂2 + m̂2

δm2] −
1
2

tr [ 1
−∂2 + m̂2

δm2 1
−∂2 + m̂2

δm2] + ⋯

= ∑
ν

[C1[m2, m̂2]νD−3 + C2[m2, m̂2]νD−5 + C3[m2, m̂2]νD−7 + C4[m2, m̂2]νD−9 + ⋯]

sν =
amax

∑
a=1

Ca[m2, m̂2]νD−1−2a

… …

S =
amax

∑
a=1

lim
s→0

d
ds

Ca[m2, m̂2](s)ζ (1 − D + 2a + 2s,
D − 2

2 )
Zeta function regularization

WKB analysis of Gelfand-Yaglom theorem

Large angular momentum expansion

Dunne-Kirsten ’06



Problems

ln
det[−∂2 + m2]
det[−∂2 + m̂2]

= tr [ 1
−∂2 + m̂2

δm2] −
1
2

tr [( 1
−∂2 + m̂2

δm2)
2

] +
1
3

tr [( 1
−∂2 + m̂2

δm2)
3

] + ⋯

∫
dDk1

(2π)D ∫
dDk2

(2π)D ∫
dDk3

(2π)D

1
k2

1 + m̂2
δ̃m2 (k2 − k1)

1
k2

2 + m̂2
δ̃m2 (k3 − k2)

1
k2

3 + m̂2
δ̃m2 (k1 − k3)

2 Feynman integrals + 2 absolute momenta + 1 angle

Feynman Diagram

WKB

ln
det[−∂2 + m2]
det[−∂2 + m̂2]

= ∑
ν

[C1[m2, m̂2]νD−3 + C2[m2, m̂2]νD−5 + C3[m2, m̂2]νD−7 + C4[m2, m̂2]νD−9 + ⋯]
Not known

1. These can only be used for D<6 2. One cannot systematically improve the convergence

Hur-Min ’08 (Radial WKB) Shoji-Yamaguchi ’25 (Heat kernel expansion)These problems are solved in

Problems

Significantly simple formulas

dν ln
∏i λνi

∏i
̂λνi

− sν < Cν−n



Heat kernel expansion



HKE approach

ln
det[−∂2 + m2]
det[−∂2 + m̂2]

= tr [ 1
−∂2 + m̂2

δm2] −
1
2

tr [ 1
−∂2 + m̂2

δm2 1
−∂2 + m̂2

δm2] + ⋯

δm2(x) δm2(x) δm2(y)
x ≃ y

= tr [ 1
−∂2 + m̂2

C̃1(x) + ( 1
−∂2 + m̂2 )

2

C̃2(x) + ( 1
−∂2 + m̂2 )

3

C̃3(x) + ( 1
−∂2 + m̂2 )

4

C̃4(x) + ⋯]

…

δm2(x) δm2(z)

δm2(y)

x ≃ y ≃ z
…Derivative expansion

=
∞

∑
a=1

∫
dDk

(2π)D

1
(k2 + m̂2)a ∫ dDxC̃a(x)

Dimensional regularization
Zeta function regularization

Overall factor

The first few terms are divergent

YS, M. Yamaguchi ’25



HKE approach (generalization)

ln
det[−∂2 + m2]
det[−∂2 + m̂2]

= tr [ 1
−∂2 + z

(m2 − z)] −
1
2

tr [ 1
−∂2 + z

(m2 − z)
1

−∂2 + z
(m2 − z)] + ⋯

m̂2 − z

m2 − z

−tr [ 1
−∂2 + z

(m̂2 − z)] +
1
2

tr [ 1
−∂2 + z

(m̂2 − z)
1

−∂2 + z
(m2 − z)] − ⋯

: Propagator massz ≥ 0

=
∞

∑
a=1

∫
dDk

(2π)D

1
(k2 + z)a ∫ dDx δC̃z

a(x)

m2 − zm2 − z

m̂2 − z m̂2 − z

Numerator

Denominator



HKE approach (generalization)

ln
det[−∂2 + m2]
det[−∂2 + m̂2]

= tr [ 1
−∂2 + z

(m2 − z)] −
1
2

tr [ 1
−∂2 + z

(m2 − z)
1

−∂2 + z
(m2 − z)] + ⋯

m̂2 − z

m2 − z

−tr [ 1
−∂2 + z

(m̂2 − z)] +
1
2

tr [ 1
−∂2 + z

(m̂2 − z)
1

−∂2 + z
(m2 − z)] − ⋯

: Propagator massz ≥ 0

=
∞

∑
a=1

∫
dDk

(2π)D

1
(k2 + z)a ∫ dDx δC̃z

a(x)

m2 − zm2 − z

m̂2 − z m̂2 − z

Numerator

Denominator

z
0 m̂2z*

FDWKB

Large angular momentum 
expansion Heat kernel expansion

Sζ = 0
Zero add-back

(Optimal z)
Minimize/eliminate the next-order

Higher order WKB formulas



HKE formulas

sν(z) = − dν

amax

∑
a=1

∫
∞

0
dr r (Bz

a[m2 − z](r) − Bz
a[m̂2 − z](r)) ℐa,ν(z, r)

S(z) = −
amax

∑
a=1

∫ dDx (Bz
a[m2 − z]( |x | ) − Bz

a[m̂2 − z]( |x | )) [lim
s→0

d
ds

Γ(a + s)
Γ(s)

μ2ε ∫
dD−2εk

(2π)D−2ε

1
(k2 + z)a+s ]

ℐa,ν(z, r) = (−∂z)a−1 Iν ( zr) Kν ( zr) ℐa,ν(0,r) = lim
s→0

d
ds

Γ (a + s − 1
2 )

2 πΓ(s)

Γ(ν − a + 1 − s)
Γ(ν + a + s)

r2(a+s−1)

r-dependence

Next slide

nu-dependence

The r-integral can be done independently of nu

Dimensional/zeta function regularization
ε = 0

z ≠ 0 z = 0

Subtraction

Add-back

Notice that , etc.∂zIν(z) = (Iν+1(z) + Iν−1(z))/2

s = 0
s → 0ε → 0



HKE formulas

change the value of the trace for →(s) > D/2↑ 1, but do change the coe!cients of the large

ω expansion.

Let us elaborate on how it is possible to change the large ω behavior without changing

the value itself. One such example is

N∑

ω=1

[
1

ε(s)ωs
↑

1

ε(s+ 1)ωs+1

]
. (V.8)

As N ↓ ↔, it converges to zero for →(s) > 1, and thus the corresponding analytic function

is zero. However, the two terms have di”erent large ω behavior. This is exactly what

happens when we add total derivatives: for an arbitrary total derivative ϑµAµ, we have

tre→t(→ε2
)(ϑµAµ) = 0, but trPωe→t(→ε2

)(ϑµAµ) is generally non-zero.

We thus ask the next question whether there exist total derivatives that make the large

ω behavior agree with that of (III.8). Although it is di!cult to rigorously prove that such

total derivatives exist for all ba, we propose a systematic way to determine them in Appendix

A. We found that we do have such total derivatives at least up to b6 and up to O(s), and

the results up to a = 5 are

Bz=0

1
[m2] = ↑m2, (V.9)

Bz=0

2
[m2] =

1

2
(m2)2, (V.10)

Bz=0

3
[m2] = ↑

1

6

[
(m2)3 +

1

2
(ϑµm

2)(ϑµm2)

]
, (V.11)

Bz=0

4
[m2] =

1

24

[
(m2)4 + 2m2(ϑµm

2)(ϑµm2) (V.12)

+
4

15
(ϑµϑωm

2)(ϑµϑωm2) +
1

15
(ϑµm2)(ϑµϑ

2m2)

]
, (V.13)

and

Bz=0

5
[m2] = ↑

1

120

[
(m2)5 + 5(m2)2(ϑµm

2)(ϑµm2) +
5

4
m2(ϑµϑωm

2)(ϑµϑωm2)

+
1

4
m2(ϑµm

2)(ϑ2ϑµm2) +
13

6
(ϑµm

2)(ϑωm
2)(ϑµϑωm2)

+
1

8
(ϑµm

2)(ϑµm2)(ϑ2m2) +
1

7
(ϑµϑωϑϑm

2)(ϑµϑωϑϑm2)

+
5

56
(ϑµϑωm

2)(ϑµϑωϑ2m2) +
1

112
(ϑµϑ

2m2)(ϑµϑ2m2)

+
1

112
(ϑµm

2)(ϑµϑ4m2)

]
. (V.14)
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the value itself. One such example is

N∑

ω=1

[
1

ε(s)ωs
↑

1

ε(s+ 1)ωs+1

]
. (V.8)

As N ↓ ↔, it converges to zero for →(s) > 1, and thus the corresponding analytic function

is zero. However, the two terms have di”erent large ω behavior. This is exactly what

happens when we add total derivatives: for an arbitrary total derivative ϑµAµ, we have

tre→t(→ε2
)(ϑµAµ) = 0, but trPωe→t(→ε2

)(ϑµAµ) is generally non-zero.

We thus ask the next question whether there exist total derivatives that make the large

ω behavior agree with that of (III.8). Although it is di!cult to rigorously prove that such

total derivatives exist for all ba, we propose a systematic way to determine them in Appendix

A. We found that we do have such total derivatives at least up to b6 and up to O(s), and

the results up to a = 5 are

Bz=0

1
[m2] = ↑m2, (V.9)

Bz=0

2
[m2] =

1

2
(m2)2, (V.10)

Bz=0

3
[m2] = ↑

1

6

[
(m2)3 +

1

2
(ϑµm

2)(ϑµm2)

]
, (V.11)

Bz=0

4
[m2] =

1

24

[
(m2)4 + 2m2(ϑµm

2)(ϑµm2) (V.12)

+
4

15
(ϑµϑωm

2)(ϑµϑωm2) +
1

15
(ϑµm2)(ϑµϑ

2m2)

]
, (V.13)

and

Bz=0

5
[m2] = ↑

1

120

[
(m2)5 + 5(m2)2(ϑµm

2)(ϑµm2) +
5

4
m2(ϑµϑωm

2)(ϑµϑωm2)

+
1

4
m2(ϑµm

2)(ϑ2ϑµm2) +
13

6
(ϑµm
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7
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creases the order of divergence, we expand the integral for a small z as5

Ia,ω(z; r) →
1

2

→∑

n=0

(↑z)n

n!

∫ →

0

dtta+n↑2e↑
r2

2t Iω

(
r2

2t

)

=
→∑

n=0

(↑z)n

n!
!a+n,ω(s)r

2(a+n↑1). (VI.5)

This helps us to compare the large ω behavior. Matching the coe”cients of !a(s) with those

of (V.17), we obtain

#Bz
1
[m2] = #Bz

2
[m2] = #Bz

3
[m2] = #Bz

4
[m2] = 0, (VI.6)

#Bz
5
[m2] = ↑

1

120

↑z

12

[
(εµεωm

2)(εµεωm2) + (εµm2)(εµε
2m2)

]
. (VI.7)

We also give #Bz
6
[m2] in Appendix A.

We define our reference series as

ϑHKC

ω (z; s) =
amax∑

a=1

dω
$(s)

∫ →

0

drr
(
Bz

a[m
2
↑ z](r)↑Bz

a[m̂
2
↑ z](r)

)
Ia+s,ω(z, r). (VI.8)

For s = 0, the integral of Eq. (VI.3) gives a simple formula,

Ia,ω(z; r) =

(
↑

ε

εz

)a↑1

Iω(
↓
zr)Kω(

↓
zr), (VI.9)

where Kω(z) is the modified Bessel function of the second kind. For a = 1, this is the

well-known free radial Green’s function. For a > 1, one can get explicit formulas using

dIω(z)/ dz = (Iω+1(z) + Iω↑1(z))/2, dKω(z)/ dz = ↑(Kω+1(z) +Kω↑1(z))/2, I↑ω(z) = Iω(z),

and K↑ω(z) = Kω(z). As one can easily check, the artificial IR divergences for ω ↔ a↑ 1 are

regularized by z.

Let us move on to the computation of the sum SHKC(s). One of the benefits of using the

entire heat kernel coe”cients is that SHKC(s) can be directly evaluated in the momentum

space. To make the discussion parallel to that in the angular momentum space, we introduce

complete sets,

1 =

∫
dDx|x↗↘x| =

∫
dDk

(2ϖ)D
|k↗↘k|, (VI.10)

where

↑ε2
|k↗ = k2

|k↗, ↘x|k↗ = eikx. (VI.11)

5 Precisely speaking, this expansion is valid up to O(zω). Since we are interested in the first few terms at

a large ω, this is not an issue at all.

17

Bz
a[m2] = Bz=0

a [m2] + ΔBz
a[m2]

Bz
6[m2] : See Appendix (~1 page formula)

amax = 6 D < 14

dν ln
∏i λνi

∏i
̂λνi

− sν < CνD−3−2amax

dν ln
∏i λνi

∏i
̂λνi

− sν < Cν−11

(D = 4)

a > 6 : DIY if needed

Heat kernel coefficient + Total derivatives



Analytic and numerical results



D-dimensional functional determinants

Fubini-Lipatov instanton

ln

det [−∂2 + κ ( b
|x |2 + b2 )

2

]
det [−∂2]

= ∑
ν

dν [ln
Γ(ν + 1)Γ(ν)

Γ(ν + 1 + z(κ))Γ(ν − z(κ)) ]
κ ≥ − D(D + 2)

z(κ) = −
1
2

(1 − 1 − κ)

Functional determinant
b > 0



D-dimensional functional determinants

Fubini-Lipatov instanton

ln

det [−∂2 + κ ( b
|x |2 + b2 )

2

]
det [−∂2]

= ∑
ν

dν [ln
Γ(ν + 1)Γ(ν)

Γ(ν + 1 + z(κ))Γ(ν − z(κ)) ]
κ ≥ − D(D + 2)

z(κ) = −
1
2

(1 − 1 − κ)

Functional determinant

κ
4ν

−
κ2

96ν3
+

κ2(κ + 2)
960ν5

−
κ2(3κ2 + 16κ + 32)

21504ν7
+

κ2(κ + 4)(κ2 + 6κ + 24)
46080ν9

−
κ2(κ4 + 16κ3 + 136κ2 + 640κ + 1280)

270336ν11
+ 𝒪(ν−13)

Large nu

b > 0



D-dimensional functional determinants

Fubini-Lipatov instanton

ln

det [−∂2 + κ ( b
|x |2 + b2 )

2

]
det [−∂2]

= ∑
ν

dν [ln
Γ(ν + 1)Γ(ν)

Γ(ν + 1 + z(κ))Γ(ν − z(κ)) ]
κ ≥ − D(D + 2)

z(κ) = −
1
2

(1 − 1 − κ)

Functional determinant

κ
4ν

−
κ2

96ν3
+

κ2(κ + 2)
960ν5

−
κ2(3κ2 + 16κ + 32)

21504ν7
+

κ2(κ + 4)(κ2 + 6κ + 24)
46080ν9

−
κ2(κ4 + 16κ3 + 136κ2 + 640κ + 1280)

270336ν11
+ 𝒪(ν−13)

Large nu

sν = dν [−
6

∑
a=1

∫
∞

0
dr rℐa,ν(0,r)Bz=0

a [m2](r)]

Subtraction (amax = 6, z = 0) Large nu

b > 0



D-dimensional functional determinants

Fubini-Lipatov instanton

ln
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|x |2 + b2 )

2

]
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= ∑
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dν [ln
Γ(ν + 1)Γ(ν)

Γ(ν + 1 + z(κ))Γ(ν − z(κ)) ]
κ ≥ − D(D + 2)

z(κ) = −
1
2

(1 − 1 − κ)

Functional determinant

κ
4ν

−
κ2

96ν3
+

κ2(κ + 2)
960ν5

−
κ2(3κ2 + 16κ + 32)

21504ν7
+

κ2(κ + 4)(κ2 + 6κ + 24)
46080ν9

−
κ2(κ4 + 16κ3 + 136κ2 + 640κ + 1280)

270336ν11
+ 𝒪(ν−13)

Large nu

sν = dν [−
6

∑
a=1

∫
∞

0
dr rℐa,ν(0,r)Bz=0

a [m2](r)]

Subtraction (amax = 6, z = 0) Large nu dν ∼ νD−2
D < 14

Regularize

The regularized values of functional determinants are 
available in the paper

b > 0



Four dimensions

Numerical bounce

m 2
= 0.2

m 2
= 0.4
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=
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m 
2
=
0.4
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0.6

0.8

1.0

r

ϕ

ln
det[−∂2 + V′ ′ (ϕ)]
det[−∂2 + V′ ′ (0)]

= ∑
ν

dν ln
∏i λνi

∏i
̂λνi

− sν + S

= dν ln Rν |fin

∂2
rϕ +

3
r

∂rϕ = V′ (ϕ)

V(ϕ) =
1
4

ϕ4 −
m̂2 + v2

3v
ϕ3 +

m̂2

2
ϕ2

(v = 1)
Bounce solution

dν ln Rν |fin < Cν−n

“Larger n, Smaller C”

Baacke-Lavrelashvili ’04 (Feynman diagram)

Dunne-Kirsten ’06 (WKB)
Shoji-Yamaguchi ’25 (Heat kernel expansion)vs.

“Thin wall”“Thick wall”

ϕ′ (0) = 0, ϕ(∞) = 0



Thick wall

Numerical comparison

Large angular momentum
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FD
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Known

New

(WKB)

z = 0.2 (Not optimal)

dν ln Rν |fin < Cν−n

“Larger n”

“Smaller C”

n = 3 − D + 2amax

“Annoying” IR behavior

(New)



Thin wall

Numerical comparison

Large angular momentum
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z-dependence
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FIG. 4. The absolute value of dω lnRfin
ω in four dimensions with the large angular momentum

subtraction (left) and with the heat kernel coe!cient subtraction with z = m̂2 (right). For the

parameters of the potential, we take m̂2 = 0.2 and v = 1, which corresponds to a thick wall bounce.

We increase amax from one (blue circle) to five (purple flipped triangle). The dashed line indicates

the original lnRω before subtraction. The two solid lines indicate the Feynman diagrammatic

subtraction (amax = 1 and 2 from above).

FIG. 5. The same figure as in Fig. 4, but for m̂2 = 0.4 and v = 1, which corresponds to a thin wall

bounce.

bounce. The optimal choice of z seems to be intermediate in our examples and sits around

z → 0.5m̂2.

Let us discuss a way of finding the optimal z beforehand. We utilize the fact that

dω lnRHKC

ω |fin includes a part of higher order terms of dω lnRLAM

ω |fin as we can see from

Eq. (VI.5). Therefore, we take z so that

amax∑

a=1

(↑z)amax+1→a

(amax + 1↑ a)!

∫ ↑

0

drr2amax+1
(
Ba[m

2
↑ z]↑Ba[m̂

2
↑ z]

)

↓

∫ ↑

0

drr2amax+1
(
Bamax+1[m

2]↑Bamax+1[m̂
2]
)

(VIII.40)

is satisfied as much as possible, as long as such z is not too large. This minimizes the

30

m̂2 = 0.2 amax = 2

z ≃ 0.13

z = 0.02, 0.04,⋯, 0.24
z = 0.002

FD

WKB

Optimal value

Condition to minimize the next order

(Sub-leading part of the formula)

(Next order)

amax = 2 We can minimize the next order

amax = 3 We can eliminate the next order

amax = 4Promoted to equivalent



Derivation Formulas IR behavior 
(Small nu)

Convergence 
(Large nu) Subtraction part Adding-back part Dimensions Regularization 

Scheme

Baacke-
Lavrelashvili 

(FD)
Easy Moderate Good Good ODEs 

for each nu Feynman diagram
D<6 

Too hard to 
compute FDs

Dimensional

Dunne-Kirsten 
(WKB) Hard Simple Bad Moderate Single integral Single integral

D<6 
Too hard to obtain 

the next order 
formula

Zeta function

Hur-Min 
(Radial WKB) Very hard Complicated Good Good+ 

(Higher orders)

Single integral 
for each nu 

(can be summed)
Single integral

General 
Explicit formulas 

for D<6
Zeta function (*)

Shoji-Yamaguchi 
(HKC, z=0) Hard Simple Moderate Good+ 

(Higher orders) Single integral Zero
General 

Explicit formulas 
for D<14

Both

Shoji-Yamaguchi 
(HKC, optimal z) Hard Simple Good Best+ 

(Higher orders)
Single integral 

for each nu Single integral
General 

Explicit formulas 
for D<14

Both

Summary
Large nu

“Improved WKB”

“Improved FD”

Straightforward generalization of HKC to multi-field, gauge/fermion ( )D < 5, amax = 2


