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Functional determinant

Fffective action (Euclidean)

[l¢] = S[p] + 1nj9¢e‘5[¢+¢]+§—gw

1
= S[P] — > In det[— 0% + m*(x)] + O(h?)

Calculation
In det[—dz —+ mz(x)] — {r ]n[_az + m2(x)] ) Eigenstate: y;
[—0* + m*(X)ly; = A,
— Z In4;  (Divergent)

ow do we regularize the UV divergence?

-> Subtract-and-add-back technique (spherically symmetric case)

Baacke-Lavrelashvili ‘04 (Feynman diagram) Hur-Min ‘08 (Radial WKB) [Dunne-Hur-Lee-Min ‘04 for QCD instantons]

Dunne-Kirsten ‘06 (WKB) Shoji-Yamaguchi 25 (Heat kernel expansion) «—
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Setup

Spherical symmetry

Eigenstates
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Radial part
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Angular part
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—0% ——0d, + Ly m>(r)
r r2

fy)(i(r ) — /Iyifz/;(i

Y, (%) : Hyper-spherical function

D D

L= 3 — 1,3, "t & (Shifted) angular momentum

X = 1,2,---, d,/ : Label for degenerate states

D-2
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Ratio of determinants

det[—0* + m?*(| x|)]

In

det[—0? + m?]

Hilll/i

— Z d, In Hl./fw-

2 ~7D
m (7‘) —m fast enough

The ratio is often an important quantity, e.g. prefactor of vacuum decay rate

We are not interested in the Casimir energy that diverges proportional to the volume




Suptract-and-add-pack technique

The sum over i can be taken using the Gelfand-Yaglom theorem and is finite

det[— 0% + m?
. et[ m(A\X\)]ZZ dIn—"2_|4s .
det[—0? + m?] Hi A [ Z S ] Regularized sum
reg

of the reference series

1%
1. The sum should become finite

(Converges as #nu increases) 2. The regularized value should be known

What is a “better” choice? The easier the better

H"Ivi
dln———5 | <Cv™
Hl’/ll/i

n>?2

“Larger n, Smaller C”

— Enables early truncation of the series



Feynman diagrammatic approach

Baacke-Lavrelashvili ‘04

det[— 0% + m?
n efl nj]ztrlnll —S5m”
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om om
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Q( )@( The first few terms are divergent

=t [P (_ | 25m2>“] (x| P,y |x') = 61 x| = | ¥ DY, (&)

This can be computed using the Geltand-Yaglom theorem

2

+ ...

amax _1 da
Q — (1" - I Sm?> Usual Feynman diagrammatic computation
— 02 + m2 (Dimensional Regularization)



WKB approach

Dunne-Kirsten ‘O6

det[—0° + m?] B
det[—02 + m2]

In

WKB analysis of Gelfand-Yaglom theorem

Zeta function regularization
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Proplems

Feynman Diagram
det[— 0% + m?)
n
det[—@2 + nAfLZ]
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1 2 1 2

2 Feynman integrals + 2 absolute momenta + 1 angle
WKB

det[— 0% + m* 2 A21. D=3 2 ~27. D-5 2
In ot — 2 — E [Cl[m ,m- v + G, [m=, m~|v + C5[m~,
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Not k
Problems oL RHOWH

— —35 | < Cv™

1. These can only be used for D<6 2. One cannot systematically improve the convergence d,In -

These problems are solved in  Hur-Min '08 (Radial WKB)  Shoji-Yamaguchi 25 (Heat kernel expansion)
N Significantly simple formulas



Heat kernel expansion



<E approach

YS, M. Yamaguchi 25
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Derivative expansion

00 D
_ z J d’k : JdeC (x) <+ Thefirst few terms are divergent
2n)P (k% + m?)a !

a=1

>QOverall factor

>Dimensional regularization
>Zeta function regularization
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- approach (genera.
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<E approach (genera.

1IZation)
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formulas

<
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Subtraction

max

5,(2) = —d ZJ drr (Bilm? = 2)(r) = Blii® = 2)(r)) .7, (2. 1)

Next slide

z# 0 z=0 F<a+s—l>
. o d [T(v—a+1-ys) ats—1)
I o2, 1) = <_az) lly <\/zl’) K, <\/Er> 7 a1) = 11—{% ds  2,/7T(s) v+ a+s) i

nu-dependence

r-dependence

Notice that 0,1,(2) = (I,41(2) +1,_1(2))/2, ete. The r-integral can be done independently of nu

Add-back
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Dimensional/zeta function regularization
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formulas

L]

<

Bim?] = B=[m?*] + AB{m?]

szo m2 — _m27
R |
B3~ [m?] = 5(""12)2,
_ 1 1
By ) =~ | () + S (0um) (@) |

Bi0m?) = o [(m?)* + 2m?(@m?) (" m)

4 1
+1—5(8M8,,m2)(5’“8”m2) + 1—5(8“7712)(8#5’27712) ,
_ 1 5)
Bl = — 1o [<m2>5 +5(m2)2(@,m?)("m?) + ~m?(9,0,m?) ("0 m?)

%a7n)@ﬁa%n%-+%?Q%nﬂxaﬂﬁﬁawa%n%
(O (@) (@) + L(0,0,0,m”) (040" ')

5
QU Ay Q2 2 2 2 wa2, 2
+ == (8,0,m)(9"0" P m )+—m(aa m2)(9"9*m?)

1
uad 2
+—112(8m)(6’ d"m?)| .

OOIH;.b p—

Heat kernel coefficient + Total derivatives

AB;[m?] = ABj[m?] = ABj[m?] = AB;[m?] = 0.
1 —z
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Analytic and numerical results



Fubini-Lipatov instanton

D-dimensional functional determinants

Functional determinant
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Functional determinant
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Fubini-Lipatov instanton

D-dimensional functional determinants
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Fubini-Lipatov instanton

D-dimensional functional determinants
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Large nu
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Fubini-Lipatov instanton

D-dimensional functional determinants

Functional determinant
K - b>0
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6 00
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a=1"0 available in the paper



Numerical bounce

Four dimensions

1 4_’”’A”‘2""’2 3, M
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ve  Shoji-Yamaguchi '25 (Heat kernel expansion)
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Numerica

Thick wall
m?>=0.2

= 0.2 (Not optimal)

comparison

d,InR,[. | <Cv™"

“Annoying” IR behavior

Large angular momentum

(WKB)

“‘Smaller C”

|dv1n vaﬁnl

100

001
10~
1076

108

n=3-D+2a,,

~ Heat kernel: coefficient (New)

— - o =
— o Emm mmm o
— mmm = mmm
— w—— -
—
- =
-
—

5 10 15 20



Numerica

Thin wall
m? = 0.4

{ = 04 (Not optimal)

comparison
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Z-dependence

Condition to minimize the next order

WKB
Z—oo()z S e i /°° 1 (1 1 :
: B . oy “Omax (Ba[m — z| — B,|m* — z])
L = 0. 02 0. 04 O 24 ] a=1 (@max +1 —a)l Jo (Sub-leading part of the formula)

- / d,r,/r,QamaX_'_l (Bama,x‘l‘]. [mQ] o Bamax+1 [mZ])
0

£ : (Next order)

QE o o : . f

- o~ i .

§ ‘ e Tt~ - Optimal value Anax — 2 We can minimize the next order
0.10 - o TR 5 z~0.13
0.05 “-.:'3:../
001- - - - e

amax — 3 We can eliminate the next order

Promoted to U 14x = 4 equivalent



Summary
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Q Q r /d
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Baacke- ODEs D<6
Lavrelashvili Easy Moderate Good Good Feynman diagram Too hard to Dimensional
for each nu
(FD) compute FDs
| v VI v D<6
Dunne-Kirsten Hard Simple Bad Moderate Single integral Single integral Too hard to obtain Zeta function
(WKB) the next order
formula
. Q Q a Single integraa a General Q
Hur-Min , Good+ : : .. L
. Very hard Complicated Good . for each nu Single integral Explicit formulas | Zeta function (*)
(Radial WKB) (Higher orders)
(can be summed) for D<6
.. . Q a a QQ a a Genera?g a
Shoji-Yamaguchi . Good+ , : ..
Hard Simple Moderate : Single integral Zero Explicit formulas Both
(HKC, z=0) (Higher orders) tor D<14
“Improved WKB"” of
Shoji-Yamaguchi Best+ Single integral Genera
j 9 Hard Simple Good J J Single integral Explicit formulas Both

(HKC, optimal z)
“Improved FD"”

(Higher orders)

for each nu

for D<14

Straightforward generalization of HKC to multi-field, gauge/fermion (D < 5, a

= 2)

max

nu ab.ID7



