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1 Why (lukewarm) inflation?

Relics after reheating, Thermal friction, the Warm Little Inflaton,
and strong dissipation at low T



Why a secondary inflationary stage?

CMB probes only
≲ 10 e-folds

hot reheating
⇒ unwanted relics

BSM: many scalars,
many possible stages

Primary inflation Reheating Radiation Lukewarm inflation Radiation BBN

CMB scales exit high T : relics θi frozen,
ηB produced

Υϕ̇2 sustains T ;
relics diluted

at TE, no reheating T ∼ MeV

time

A short warm inflation stage at low T :
dilutes relics with entropy production and ends directly in radiation
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Warm inflation in a nutshell

Slow roll sustained by thermal friction. . .

ϕ̈+ (3H +Υ) ϕ̇+ V ′(ϕ) = ξ

. . . that also sustains a radiation bath:

ρ̇R + 4HρR = Υϕ̇2

ϕ radiation
bath, T

friction Υϕ̇2

noise ξ

Q ≡ Υ

3H
: 3H(1 +Q) ϕ̇ ≃ −V ′(ϕ),

ρR
ρϕ

≃ ϵH
2

≃ 1

2

ϵϕ
1 +Q

Slow roll by thermal friction; radiation takes over at ϵH = 1 ⇒ no separate
reheating stage.

Berera & Fang, PRL 74 (1995) 1912; Berera, PRL 75 (1995) 3218
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Realizing (luke)warm inflation in QFT

Challenges at finite temperature

▶ Keeping the fields light: −L ⊃ g ϕ ψ̄ψ ⇒ mψ = gϕ < T

▶ Suppressing thermal backreaction: ∆VT ∼ m2
ψT

2 ∼ g2T 2ϕ2 ⇒ ∆ηϕ ∼ g2
T 2

H2
≫ 1

Possible solution [Bastero-Gil, Berera, Ramos, Rosa 2016]

mψ1 = gvΦ cos(ϕ/vΦ), mψ2 = gvΦ sin(ϕ/vΦ)

⇒ ∆VT ∝
(︁
m2
ψ1

+m2
ψ2

)︁
T 2 = g2v2Φ T

2 (ϕ-independent)

Note: a single fermion is also viable (oscillatory thermal corrections) [Ferraz & Rosa 2023]

Fermion masses bounded by gvΦ, and the leading thermal correction is
ϕ-independent.

Bastero-Gil, Berera, Ramos, Rosa (2016); Ferraz & Rosa (2023)
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The Warm Little Inflaton

▶ U(1) gauge symmetry spontaneously broken by two scalars

Φ1 =
vΦ√

2
ei(α+ϕ)/vΦ Φ2 =

vΦ√
2
ei(α−ϕ)/vΦ

▶ inflaton ϕ = relative phase (gauge invariant ⇒ any V (ϕ))

▶ discrete interchange symmetry: Φ1 ↔ iΦ2, ψ1 ↔ ψ2

−Lϕψ =
g√
2

(Φ1 + Φ2) ψ̄1Lψ1R − i
g√
2

(Φ1 − Φ2) ψ̄2Lψ2R + h.c.

= gvΦ cos
(︂ ϕ
vΦ

)︂
ψ̄1ψ1 + gvΦ sin

(︂ ϕ
vΦ

)︂
ψ̄2ψ2)

|mψi | ≤ gvΦ: light fermions for gvΦ ≲ T ≲ vΦ

Bastero-Gil, Berera, Ramos, Rosa (2016)
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Strong dissipation at low temperature

Fermion decays controlled by an additional Yukawa coupling y:

−Lψσ = y σ
∑︂

i=1,2

(︁
ψ̄iL ψσR + ψ̄σL ψiR

)︁
+ h.c. ⇒ Υ ≃ CT T, CT ∝ g2

y2
≲ 1

high-T regime T ≳ mψi ; non-equilibrium QFT in the adiabatic regime

Q =
CT
3

T

H
≃
(︃

5

π2

ϵH
g∗

)︃1/2

CT
MP

T

Lower T ⇒ stronger dissipation: Q≫ 1 automatically for T ≪ CTMP.

Bastero-Gil, Berera, Ramos, Rosa (2016)
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Lukewarm inflation with right-handed neutrinos

ψ1,2 → N1,2, ψσ → N3 (lightest)

−L ⊃ gvΦ

[︂
cos
(︂ ϕ
vΦ

)︂
N̄1N1 + sin

(︂ ϕ
vΦ

)︂
N̄2N2

]︂
+ y σ

∑︂

i=1,2

N̄iN3 + Yαi N̄iH†Lα + h.c.

⟨σ⟩ = 0; H: SM Higgs doublet

ϕ N1, N2

N3 + σ SM

g

Υ = CTT

y

Yαi

after LW

bath: g∗ = 6.25

seesaw to generate mν ≃ 0.05 eV

ΓN→SM ≪ H during LW

ΓN3→SM > H(TBBN )

Only N1,2,3 and σ in the bath;
The SM redshifts away; Repopulated by N3 decays before BBN.

Levy, Rosa, Ventura (2021)
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2 Lukewarm inflation at the QCD axion scale

Right-handed neutrinos in the bath, H ∼ ma at T ≲ GeV, and an early matter era



The QCD axion with a GUT-scale decay constant

▶ QCD axion solves the strong CP problem: θ̄ becomes a field, a/fa, that relaxes to zero

▶ Coherent oscillations from an initial misalignment θi ⇒ dark matter candidate

Ωah
2 ≃ 0.12

(︃
θi

0.86

)︃2(︃
fa

1012GeV

)︃1.16

misalignment mechanism, standard thermal history

θi ∼ 1 ⇒ fa ≲ 1012 GeV fa = 1016 GeV ⇒ overabundant by
∼ 104–105

Goal: fa ≃ 1015–16GeV with θi ∼ 1

Peccei & Quinn (1977); Preskill, Wise & Wilczek; Abbott & Sikivie; Dine & Fischler (1983); Marsh, Phys. Rept. 643 (2016); O’Hare, PoS COSMICWISPers (2024) 040
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Why HI ∼ ma, and what it implies

Axion diluted only if it oscillates while entropy is produced (sosc ≃ sE):

Ωa,0 = ∆s
sosc
sE

(︃
aosc
aE

)︃3

Ωa,osc

HI ≪ ma HI ∼ ma HI ≫ ma

T ∝ √
HMP too low:

N3 can’t decay before BBN

oscillations start
during lukewarm inflation

ma < 3HE: still frozen
at the end ⇒ no dilution

RH neutrinos: in the bath, MN3 ≲ TE;
decay before BBN ⇒ a few hundred MeV

Dissipation: T/H ∼ GeV/neV
⇒ Q = CT

3
T
H

∼ 1012 (CT /10−5)

HI ∼ ma ⇒ lukewarm inflation at T ∼ GeV, with Q≫ 1.
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Background evolution

6

which we may rewrite as:

TI ≃
1.6

g
1
4∗

(
HI

ma

) 1
2
(

1016 GeV

fa

) 1
2
(
NLW +

5

6

)− 1
4

GeV.

(30)

This shows that a lukewarm inflation period with
HI ∼ ma and an axion decay constant close to the GUT
scale must occur at temperatures below the GeV scale,
thus also setting an upper bound on the mass of the right-
handed neutrinos. Given the lower bound discussed ear-
lier, from requiring that the lightest right-handed neu-
trino decays into Standard Model particles before BBN,
this sets the required right-handed neutrino mass scale
around a few hundred MeV.

The inflaton mass is also determined by the slow-roll
equations, yielding:

mϕ ≃ 0.8
C

1
2

T

g
1
8∗

(
HI

ma

) 3
4
(

1016GeV

fa

) 3
4
(
NLW +

5

6

)− 5
8

eV.

(31)

This means that the scalar field driving the luke-
warm inflation period must have a sub-eV mass, al-
though mϕ ≫ HI ∼ ma. Note that this is only pos-
sible as slow-roll is sustained by strong thermal fric-
tion, with Hubble friction playing a minor role in this
regime. The corresponding field values are also well be-
low the Planck scale, since from the Friedmann equation
ϕ ∼ (H/mϕ)MP ≪MP .

In the above discussion, g∗ = 7/8 × 2 × 3 + 1 = 6.25
refers to the number of light degrees of freedom in the
thermal bath during lukewarm inflation, including the
three right-handed neutrinos and the σ scalar. Before the
onset of lukewarm inflation, all Standard Model degrees
of freedom are present in the radiation bath, but since
neither dissipation nor other thermal processes involving
the right-handed neutrinos can source them efficiently
during the lukewarm inflation, they are simply diluted
away by accelerated expansion.

In Figure 1 we show the evolution of the energy den-
sities for the different components of our model for an
illustrative choice of parameters. As one can see in this
figure, the system starts in a radiation dominated era
with the Standard Model ρSM and the right-handed neu-
trino sector (including σ) at the same temperature. We
assumed that these components are the product of a re-
heating mechanism after the primary inflationary stage.
Notice that the lukewarm inflaton is already following a
slow-roll trajectory, which was made easier due to strong
dissipation and it being a subdominant component (see
e.g. [25]). As the inflaton field becomes dominant and
lukewarm inflation begins, the Standard Model light de-
grees of freedom simply redshift away as usual radiation,
while the right-handed neutrino sector’s energy density
stabilizes at a sub-dominant value as a result of the ther-
mal friction source. Note that the slow-roll equations

ρϕ

ρN+σρSM

ρa

ρN3

ρσ

0 2 4 6 8

10-9

10-4

10

Ne

ρ
/G
eV

4

FIG. 1. Evolution of the different components of the en-
ergy density during lukewarm inflation, for ma/HI ≃ 0.55,
CT ≃ 10−3, NLW ≃ 7 e-folds and mϕ ≃ 9 meV. The axion
decay constant is fa = 1016 GeV, corresponding to ma ≃ 0.6
neV, with an initial misalignment angle θi = π/

√
3.

imply ρR/ρϕ ≃ ϵH/2 ≃ ϵϕ/2Q for Q ≫ 1, so that radia-
tion is always sub-dominant in the slow-roll regime. Once
the slow-roll conditions are violated, radiation smoothly
takes over. In the present setup, as expected, the tem-
perature falls below the mass of the lightest right-handed
neutrino roughly at the end of the slow-roll period, so
that it is diluted as cold matter, as opposed to the light
σ-scalar, which behaves as dark radiation after the luke-
warm inflation stage. This shows that in this setup luke-
warm inflation is naturally followed by an early matter-
dominated stage, starting at temperatures around a few
hundred MeV. This short period ends with the decay of
N3 into Standard Model particles before BBN, although
this is not shown in Figure 1.

This figure also shows the evolution of the QCD axion’s
energy density during approximately 7 e-folds of luke-
warm inflation. Let us first note that the axion mass de-
pends on the temperature of the QCD degrees of freedom,
which simply redshifts as a−1, so that the axion mass
reaches its zero-temperature value after only a couple of
e-folds, as illustrated in 2. In this example, ma ≃ HI ,
and so the axion field is initially critically damped. This
slow evolution damps the misalignment angle with which
it begins to oscillate, even though this occurs only close
to the end of the lukewarm inflation stage.

To determine the final abundance of the QCD axion,
we must determine the entropy produced in the decay of
N3 into Standard Model particles. Firstly, note that at
the end of lukewarm inflation the temperature first falls
below the mass of N1 and N2, so that they decay com-
pletely into N3 and σ. Shortly after, the temperature
falls below the mass of N3 and its density begins to red-
shift to a−3, while the light σ scalar is diluted as a−4.
Later, N3 decays and its energy is transferred into Stan-
dard Model particles at a temperature TD. From this we

▶ SM: ρ ∝ a−4

▶ Bath in slow roll:
ρR/ρϕ ≃ ϵH/2

▶ Afterwards: N3 matter era and
σ dark radiation

Radiation smoothly takes over at the end, followed by an
early matter era when T < M3

Fig. ma/HI ≃ 0.55, NLW ≃ 7, CT ≃ 10−3 , mϕ ≃ 9 meV, fa = 1016 GeV, θi = π/
√

3
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The QCD axion during lukewarm inflation

θ̈ + 3Hθ̇ +m2
a(TSM) sin θ = 0, TSM ∝ a−1 (SM decoupled from the bath) 7

ma=3H

0 1 2 3 4 5 6 7

0.001

0.010

0.100

1

Ne

ma (T )
H

FIG. 2. Evolution of the ratio between the QCD axion mass
and the Hubble parameter, for the example shown in Figure
1.

find:

aN3

aD
=

[
4

7
gSM∗ (TD)

]1/3(
TD
MN3

)4/3

. (32)

where aN3
denotes the scale factor when T = MN3

, and
gSM∗ is the number of relativistic degrees of freedom of
the Standard Model. The total entropy density after N3

decays includes the contribution of the light σ scalar and
of the Standard Model degrees of freedom, giving:

s(TD) = sσ(MN3)

(
aN3

aD

)3

+ sSM (TD)

= sSM (TD)

[
1 +

4

7

TD
MN3

]
(33)

The ratio between the comoving entropy densities at T =
MNs

and T = TD is thus given by:

∆−1
s =

s(TD)a3D
s(MN3

)a3N3

=
7

11

(
1 +

4

7

TD
MN3

)
MN3

TD
, (34)

where we note that, for T ≳MN3
, s = sσ + sN3

= 11
4 sσ.

The factor ∆−1
s thus corresponds to the increase in the

comoving entropy when N3 decays. Hence, the yield of
the axion, na/s, and consequently its abundance, are re-
duced by ∆s after N3 decays. In the example given in the
figures above, lukewarm inflation ends at a temperature
of ≃ 450 MeV, which gives an upper bound on the mass
of N3. Saturating this bound and taking TD = 5 MeV
yields ∆−1

s ≃ 58.1.
In Figure 3, we show the evolution of QCD axion abun-

dance, Ωa = ρa/ρc, normalized to the abundance of cold
dark matter, ΩCDMh

2 ≃ 0.12a−3 (setting a(t0) = 1).
We see that in this example the QCD axion is still over-
abundant at the end of the lukewarm inflation stage by
a factor ∼ 27, implying MN3

≳ 200 MeV to bring its
abundance below the measured cold dark matter value.
In this example the QCD axion accounts for a fraction of
dark matter, despite its large decay constant and initial
misalignment angle.

Δs
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FIG. 3. Evolution of the QCD axion abundance during luke-
warm inflation, for the same parameter choices as in the pre-
vious figure. The dotted vertical line marks the end of the
lukewarm inflation stage (TE = 450 MeV). Note that the
axion abundance is further reduced by the entropy injection
from the decay of the lightest right-handed neutrinos after
lukewarm inflation. The dashed horizontal line indicates the
minimum present axion abundance considering TD = 5 MeV.

The lukewarm inflation stage dilutes not only the QCD
axion density but also any other thermal relics generated
earlier in the cosmic history. This includes, in particu-
lar, the baryon asymmetry. Given that most baryogen-
esis scenarios proposed in the literature operate at tem-
peratures above the GeV scale considered in this work,
we envisage a scenario where a large baryon asymmetry
was produced before lukewarm inflation, e.g. through the
Affleck-Dine mechanism [44, 45], and then subsequently
diluted by the latter period, alongside the additional in-
jection of entropy from N3 decays.

In Figure 4, we show the evolution of the baryon-to-
entropy ratio, ηs = nB/s, for the same parameters as in
Figure 1, for an initial value ηis ≃ 0.46. Since nB ∝ a−3

(assuming, of course, no baryon number violation at this
stage) and the entropy density decreases slowly during
the lukewarm inflation stage, the baryon-to-entropy ra-
tio is greatly reduced during this period, considerably
more than the QCD axion that is only efficiently di-
luted close to the end of the secondary inflation period.
Note that the additional entropy injection from N3 de-
cays after lukewarm inflation will also dilute the baryon-
to-entropy ratio, yielding in this illustrative example a
final value coinciding with the presently measured one,
ηs,0 ≃ 8.66 × 10−11 [46].

In Figure 5 we show the results obtained for the final
abundance of the QCD axion, for θi = π/

√
3, and the

final baryon-to-entropy ratio by numerically solving the
relevant dynamical equations system during lukewarm in-
flation for different values of the inflationary scale, i.e.,
the ratio ma/HI , and the duration NLW . The final abun-
dance considers the maximum entropy injection factor
from N3 decays, with MN3

= TE . We fix CT = 10−3, al-
though our results do not depend on this choice, since the

7

ma=3H
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FIG. 2. Evolution of the ratio between the QCD axion mass
and the Hubble parameter, for the example shown in Figure
1.

find:

aN3

aD
=

[
4

7
gSM∗ (TD)

]1/3(
TD
MN3

)4/3

. (32)

where aN3
denotes the scale factor when T = MN3

, and
gSM∗ is the number of relativistic degrees of freedom of
the Standard Model. The total entropy density after N3

decays includes the contribution of the light σ scalar and
of the Standard Model degrees of freedom, giving:

s(TD) = sσ(MN3)

(
aN3

aD

)3

+ sSM (TD)

= sSM (TD)

[
1 +

4

7

TD
MN3

]
(33)

The ratio between the comoving entropy densities at T =
MNs

and T = TD is thus given by:

∆−1
s =

s(TD)a3D
s(MN3

)a3N3

=
7

11

(
1 +

4

7

TD
MN3

)
MN3

TD
, (34)

where we note that, for T ≳MN3
, s = sσ + sN3

= 11
4 sσ.

The factor ∆−1
s thus corresponds to the increase in the

comoving entropy when N3 decays. Hence, the yield of
the axion, na/s, and consequently its abundance, are re-
duced by ∆s after N3 decays. In the example given in the
figures above, lukewarm inflation ends at a temperature
of ≃ 450 MeV, which gives an upper bound on the mass
of N3. Saturating this bound and taking TD = 5 MeV
yields ∆−1

s ≃ 58.1.
In Figure 3, we show the evolution of QCD axion abun-

dance, Ωa = ρa/ρc, normalized to the abundance of cold
dark matter, ΩCDMh

2 ≃ 0.12a−3 (setting a(t0) = 1).
We see that in this example the QCD axion is still over-
abundant at the end of the lukewarm inflation stage by
a factor ∼ 27, implying MN3

≳ 200 MeV to bring its
abundance below the measured cold dark matter value.
In this example the QCD axion accounts for a fraction of
dark matter, despite its large decay constant and initial
misalignment angle.
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FIG. 3. Evolution of the QCD axion abundance during luke-
warm inflation, for the same parameter choices as in the pre-
vious figure. The dotted vertical line marks the end of the
lukewarm inflation stage (TE = 450 MeV). Note that the
axion abundance is further reduced by the entropy injection
from the decay of the lightest right-handed neutrinos after
lukewarm inflation. The dashed horizontal line indicates the
minimum present axion abundance considering TD = 5 MeV.

The lukewarm inflation stage dilutes not only the QCD
axion density but also any other thermal relics generated
earlier in the cosmic history. This includes, in particu-
lar, the baryon asymmetry. Given that most baryogen-
esis scenarios proposed in the literature operate at tem-
peratures above the GeV scale considered in this work,
we envisage a scenario where a large baryon asymmetry
was produced before lukewarm inflation, e.g. through the
Affleck-Dine mechanism [44, 45], and then subsequently
diluted by the latter period, alongside the additional in-
jection of entropy from N3 decays.

In Figure 4, we show the evolution of the baryon-to-
entropy ratio, ηs = nB/s, for the same parameters as in
Figure 1, for an initial value ηis ≃ 0.46. Since nB ∝ a−3

(assuming, of course, no baryon number violation at this
stage) and the entropy density decreases slowly during
the lukewarm inflation stage, the baryon-to-entropy ra-
tio is greatly reduced during this period, considerably
more than the QCD axion that is only efficiently di-
luted close to the end of the secondary inflation period.
Note that the additional entropy injection from N3 de-
cays after lukewarm inflation will also dilute the baryon-
to-entropy ratio, yielding in this illustrative example a
final value coinciding with the presently measured one,
ηs,0 ≃ 8.66 × 10−11 [46].

In Figure 5 we show the results obtained for the final
abundance of the QCD axion, for θi = π/

√
3, and the

final baryon-to-entropy ratio by numerically solving the
relevant dynamical equations system during lukewarm in-
flation for different values of the inflationary scale, i.e.,
the ratio ma/HI , and the duration NLW . The final abun-
dance considers the maximum entropy injection factor
from N3 decays, with MN3

= TE . We fix CT = 10−3, al-
though our results do not depend on this choice, since the

ma ∼ HI : critically damped,
then oscillates while s ≃ const ⇒ na/s strongly diluted.

Fig. ma/HI ≃ 0.55, NLW ≃ 7, CT ≃ 10−3 , fa = 1016 GeV, θi = π/
√

3
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After lukewarm inflation: entropy from N3 decays

∆−1
s ≡ (s a3)D

(s a3)N3

=
7

11

(︂
1 +

4

7

TD
MN3

)︂MN3

TD
, TD = 5 MeV

Ωa/ΩCDM ≃ 27 at the end of LW
⇒ need ∆−1

s ≳ 27
MN3

≳ 210 MeV

N3 in the bath during LW
⇒ MN3 ≲ TE

MN3 ≲ 450 MeV

N3 decays give at most ∆−1
s ≃ 58: most of the dilution, a factor ∼ 104,

happens during lukewarm inflation.
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Baryon asymmetry: diluted more than the axion

8

Δs

0 2 4 6 8

10-8
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1
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η
s

FIG. 4. Evolution of the baryon-to-entropy ratio during luke-
warm inflation, for the same parameter choices as in the pre-
vious figures and an initial value ηis ≃ 0.46 (generated before
lukewarm inflation). The dotted vertical line marks the end
of the lukewarm inflation stage (TE = 450 MeV). Note that
the baryon-to-entropy ratio is further reduced by the entropy
injection from the decay of the lightest right-handed neutrinos
after lukewarm inflation. The dashed horizontal line indicates
the minimum present value of ηs considering TD = 5 MeV,
which coincides in this case with the measured value.

dynamics of the axion depends only on the scale and du-
ration of the lukewarm inflation period. We consider two
different values of the axion decay constant, fa = 1016

GeV (top) and fa = 1015 GeV (bottom).

In the shaded red regions of the parameter space, the
QCD axion abundance exceeds the measured abundance
of cold dark matter, and we see that viable models have
longer periods of lukewarm inflation for larger values of
the Hubble scale (smaller ma/HI). This is expected
since, for larger inflationary scales, the axion begins to
oscillate later, thus requiring a larger number of e-folds.
In the non-shaded white region, the QCD axion accounts
for only a fraction of dark matter.

In this figure, we also plot contours of the initial
baryon-to-entropy ratio leading to the presently mea-
sured value (dashed green curves). The shaded green
region is thus excluded since it would yield a too small
baryon asymmetry. This means that viable models of
lukewarm inflation for GUT scale axion decay constants
require roughly 4-8 e-folds of accelerated expansion.

The plots in Figure 5 also show contours for the
temperature at the end of the lukewarm inflation pe-
riod, which we recall sets an upper bound on the right-
handed neutrino masses. We see that larger values of fa,
i.e. smaller axion masses, require lower temperatures and
hence lighter right-handed neutrinos. For fa ≲ 1016 GeV,
we find viable QCD axion scenarios with right-handed
neutrino masses ≳ 100 MeV, such that they decay into
Standard Model particles before BBN. For larger values
of fa, however, lukewarm inflation would have to occur
at temperatures below 100 MeV, and viable QCD axion
scenarios would require tuning the initial misalignment
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FIG. 5. Parameter space (NLW ,ma/HI) with θi = π/
√

3,
CT ≃ 10−3 for decay constant fa = 1016 GeV (top) and
fa = 1015 GeV (bottom). In the red shaded region the axion
is overabundant and in the green shaded region the baryon
asymmetry is below the current observed value for an initial
value ηis ∼ 1. The green dashed lines represent the current
observed baryon asymmetry for different initial values. The
purple dashed lines represent several different temperatures
at the end of inflation that we assume to match the mass of
the right-handed neutrino MN3 .

angle.

V. OBSERVATIONAL CONSEQUENCES

We have shown in the previous section that a late stage
of lukewarm inflation may efficiently dilute the abun-
dance of the QCD axion, in scenarios with an axion de-
cay constant close to the GUT scale, at the same time
also bringing a large baryon-to-entropy ratio down to the
measured value. Let us now explore some of the ob-
servational consequences of lukewarm inflation, particu-
larly those that are specific to the particle physics setup
and inflationary scale discussed in this work. The most
generic consequence, the enhancement of the small-scale
curvature power spectrum and the consequent genesis of
primordial black holes and scalar-induced gravitational
waves, is addressed in a companion paper, and here we

ηs ≡ nB/s

0.46 −→ 8.7× 10−11

(Planck)

A large early asymmetry (e.g. Affleck–Dine) is brought down to the
observed value by the same stage.

Fig. ma/HI ≃ 0.55, NLW ≃ 7, CT ≃ 10−3
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Viable parameter space: θi = π/
√
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FIG. 4. Evolution of the baryon-to-entropy ratio during luke-
warm inflation, for the same parameter choices as in the pre-
vious figures and an initial value ηis ≃ 0.46 (generated before
lukewarm inflation). The dotted vertical line marks the end
of the lukewarm inflation stage (TE = 450 MeV). Note that
the baryon-to-entropy ratio is further reduced by the entropy
injection from the decay of the lightest right-handed neutrinos
after lukewarm inflation. The dashed horizontal line indicates
the minimum present value of ηs considering TD = 5 MeV,
which coincides in this case with the measured value.

dynamics of the axion depends only on the scale and du-
ration of the lukewarm inflation period. We consider two
different values of the axion decay constant, fa = 1016

GeV (top) and fa = 1015 GeV (bottom).

In the shaded red regions of the parameter space, the
QCD axion abundance exceeds the measured abundance
of cold dark matter, and we see that viable models have
longer periods of lukewarm inflation for larger values of
the Hubble scale (smaller ma/HI). This is expected
since, for larger inflationary scales, the axion begins to
oscillate later, thus requiring a larger number of e-folds.
In the non-shaded white region, the QCD axion accounts
for only a fraction of dark matter.

In this figure, we also plot contours of the initial
baryon-to-entropy ratio leading to the presently mea-
sured value (dashed green curves). The shaded green
region is thus excluded since it would yield a too small
baryon asymmetry. This means that viable models of
lukewarm inflation for GUT scale axion decay constants
require roughly 4-8 e-folds of accelerated expansion.

The plots in Figure 5 also show contours for the
temperature at the end of the lukewarm inflation pe-
riod, which we recall sets an upper bound on the right-
handed neutrino masses. We see that larger values of fa,
i.e. smaller axion masses, require lower temperatures and
hence lighter right-handed neutrinos. For fa ≲ 1016 GeV,
we find viable QCD axion scenarios with right-handed
neutrino masses ≳ 100 MeV, such that they decay into
Standard Model particles before BBN. For larger values
of fa, however, lukewarm inflation would have to occur
at temperatures below 100 MeV, and viable QCD axion
scenarios would require tuning the initial misalignment
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FIG. 5. Parameter space (NLW ,ma/HI) with θi = π/
√

3,
CT ≃ 10−3 for decay constant fa = 1016 GeV (top) and
fa = 1015 GeV (bottom). In the red shaded region the axion
is overabundant and in the green shaded region the baryon
asymmetry is below the current observed value for an initial
value ηis ∼ 1. The green dashed lines represent the current
observed baryon asymmetry for different initial values. The
purple dashed lines represent several different temperatures
at the end of inflation that we assume to match the mass of
the right-handed neutrino MN3 .

angle.

V. OBSERVATIONAL CONSEQUENCES

We have shown in the previous section that a late stage
of lukewarm inflation may efficiently dilute the abun-
dance of the QCD axion, in scenarios with an axion de-
cay constant close to the GUT scale, at the same time
also bringing a large baryon-to-entropy ratio down to the
measured value. Let us now explore some of the ob-
servational consequences of lukewarm inflation, particu-
larly those that are specific to the particle physics setup
and inflationary scale discussed in this work. The most
generic consequence, the enhancement of the small-scale
curvature power spectrum and the consequent genesis of
primordial black holes and scalar-induced gravitational
waves, is addressed in a companion paper, and here we
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vious figures and an initial value ηis ≃ 0.46 (generated before
lukewarm inflation). The dotted vertical line marks the end
of the lukewarm inflation stage (TE = 450 MeV). Note that
the baryon-to-entropy ratio is further reduced by the entropy
injection from the decay of the lightest right-handed neutrinos
after lukewarm inflation. The dashed horizontal line indicates
the minimum present value of ηs considering TD = 5 MeV,
which coincides in this case with the measured value.

dynamics of the axion depends only on the scale and du-
ration of the lukewarm inflation period. We consider two
different values of the axion decay constant, fa = 1016

GeV (top) and fa = 1015 GeV (bottom).

In the shaded red regions of the parameter space, the
QCD axion abundance exceeds the measured abundance
of cold dark matter, and we see that viable models have
longer periods of lukewarm inflation for larger values of
the Hubble scale (smaller ma/HI). This is expected
since, for larger inflationary scales, the axion begins to
oscillate later, thus requiring a larger number of e-folds.
In the non-shaded white region, the QCD axion accounts
for only a fraction of dark matter.

In this figure, we also plot contours of the initial
baryon-to-entropy ratio leading to the presently mea-
sured value (dashed green curves). The shaded green
region is thus excluded since it would yield a too small
baryon asymmetry. This means that viable models of
lukewarm inflation for GUT scale axion decay constants
require roughly 4-8 e-folds of accelerated expansion.

The plots in Figure 5 also show contours for the
temperature at the end of the lukewarm inflation pe-
riod, which we recall sets an upper bound on the right-
handed neutrino masses. We see that larger values of fa,
i.e. smaller axion masses, require lower temperatures and
hence lighter right-handed neutrinos. For fa ≲ 1016 GeV,
we find viable QCD axion scenarios with right-handed
neutrino masses ≳ 100 MeV, such that they decay into
Standard Model particles before BBN. For larger values
of fa, however, lukewarm inflation would have to occur
at temperatures below 100 MeV, and viable QCD axion
scenarios would require tuning the initial misalignment
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FIG. 5. Parameter space (NLW ,ma/HI) with θi = π/
√

3,
CT ≃ 10−3 for decay constant fa = 1016 GeV (top) and
fa = 1015 GeV (bottom). In the red shaded region the axion
is overabundant and in the green shaded region the baryon
asymmetry is below the current observed value for an initial
value ηis ∼ 1. The green dashed lines represent the current
observed baryon asymmetry for different initial values. The
purple dashed lines represent several different temperatures
at the end of inflation that we assume to match the mass of
the right-handed neutrino MN3 .

angle.

V. OBSERVATIONAL CONSEQUENCES

We have shown in the previous section that a late stage
of lukewarm inflation may efficiently dilute the abun-
dance of the QCD axion, in scenarios with an axion de-
cay constant close to the GUT scale, at the same time
also bringing a large baryon-to-entropy ratio down to the
measured value. Let us now explore some of the ob-
servational consequences of lukewarm inflation, particu-
larly those that are specific to the particle physics setup
and inflationary scale discussed in this work. The most
generic consequence, the enhancement of the small-scale
curvature power spectrum and the consequent genesis of
primordial black holes and scalar-induced gravitational
waves, is addressed in a companion paper, and here we

Viable: NLW ≈ 4–8 e-folds, fa up to 1016GeV with MNi ≳ 200MeV.
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Dark radiation

∆Neff =
4

7

[︃
11

7

TD
MN3

gSM∗s

]︃4/3
≤ 0.047 (TD = 5MeV, MN3 ≥ 200MeV)

The light scalar σ is dark radiation: ∆Neff ≲ 0.05, within current bounds,
near future CMB sensitivity.

Calabrese et al. (ACT) (2025); Ade et al. (2019)
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3 Generic signatures of lukewarm inflation

Large, nearly scale-invariant curvature perturbations over eNLW in k → SGWB & PBHs



Perturbations: thermal noise and a growing mode

δϕ̈k + (3H + Υ) δϕ̇k +
(︂k2
a2

+ V ′′
)︂
δϕk + ϕ̇ δΥk = ξk + . . . , δΥk = CT δTk

⟨ξk(t) ξk′(t′)⟩ = 2ΥT a−3 (2π)3δ3(k + k′) δ(t− t′)

δT > 0

δΥ = CT δT > 0

more Υϕ̇2

into radiation

δϕ sourced

▶ T ≳ H: thermal noise ≫ quantum fluctuations

▶ Q≫ 1: modes freeze out before horizon crossing

Hotter regions dissipate more and heat up more: for Υ ∝ T , curvature
perturbations grow.

Graham & Moss, (2009); Bastero-Gil, Berera, Ramos, (2011)
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Curvature power spectrum

Super-horizon curvature spectrum, Q≫ 1:

∆2
R =

√
3π

24π2

V

M4
P

Q3/2

ϵH

T

H
G(Q), G(Q) ≃ 5 × 10−4Q3 (growing mode, WI2easy)

with the slow-roll relations and Υ = CTT :

∆2
R ≃ 0.07 ϵ

3/4
H

(︂100
g∗

)︂ 7
4
(︂ CT
10−2

)︂ 9
2
(︂107GeV

T

)︂ 3
2

∆2
R = As (k/kmax)ns−1 for kmin < k < kmax, kmax/kmin = eNLWHE/HI

Large enhancement at low T , ∆2
R ∝ C

9/2
T T−3/2

nearly scale invariant over eNLW in k.

Ramos & da Silva, (2013) ; Ballesteros, Pérez Rodŕıguez, Pierre (2024); Rodrigues & Ramos (WI2easy) (2025)

A. Torres Manso · Lukewarm inflation 17 / 21



Gravitational waves: a flat plateau
4
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FIG. 1. SGWB spectrum for different realizations of luke-
warm inflation. The green violins represent the NANOGRAV
signal [32]. Future observational curves including the Roman
Telescope [33, 34], the binary resonances [35, 36] with LLR,
eLO, and eSLR, LISA [37], Taiji [38], and TianQin [39] are
also represented in the figure. The gray-dashed line is the
bound from relativistic degrees of freedom at BBN. We have
taken g∗ = 100 in our examples.
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FIG. 2. Fraction of dark matter in PBHs as a function of their
mass M , for the same lukewarm inflation scenarios considered
in Fig. 1. The red and green shaded contours represent the
allowed regions of PBH abundance when all 12 microlens-
ing candidates or the 4 secure candidates (“S4”) of Subaru-
HSC are attributed to PBHs, respectively [40]. The shaded
regions give the current constraints on the PBH abundance
from Hawking evaporation [41–46] (orange) and gravitational
microlensing [47–50] (blue). Data was obtained from [52].

characteristic of critical collapse and insensitive to the
form of the curvature power spectrum. On the other
hand, for large PBH masses we find approximately that

fPBH(M) ∝ M− 1
2− a

2 (ns−1), where a ≡ 81δ2c
16As

, as shown
in detail in the appendix for the interested reader. While
this is in agreement with the M−1/2 scaling obtained in

[53] for an exactly scale-invariant curvature power spec-
trum (ns = 1), this shows that small deviations from
scale invariance may have a significant impact on the
shape of the PBH mass function, taking into account that
a ≳ 1 for As ∼ 10−2. In the examples shown in Fig. 2,
a ∼ 30, and we find completely different PBH mass distri-
butions for red- and blue-tilted spectra. While for ns > 1
we find that fPBH(M) is sharply peaked, scenarios with
ns < 1 may exhibit a plateaux in the PBH mass function
over several mass decades.

The transition between the two distinct be-
haviors of the PBH mass function occurs at
M⋆ ≃ 5 × 10−7M⊙ (100/g∗)

1/2
(TR/TeV)

−2
. This coin-

cides with a peak in the mass function for ns ≳ 1 − a−1,
and the ns-dependent power law behavior extends until
Mmax ∼ e2NeM∗. We note that non-Gaussian effects
may have an impact on the PBH mass function, since
fNL ≃ 8 for Υ ∝ T in the strong dissipative regime
relevant to lukewarm inflation [54, 55], and we plan to
refine our analysis to take this into account in future
work.

Our results nevertheless show that lukewarm inflation
has the potential to generate all, or at least a signifi-
cant fraction of, the dark matter in sub-solar mass PBHs,
namely in the asteroid (10−16 − 10−12M⊙) and plane-
tary mass windows. The latter is particularly relevant
given current potential hints for gravitational microlenses
with 10−7 − 10−6M⊙ found by HSC-Subaru from obser-
vations of M31 [40], which could potentially be explained
by PBHs in this mass range. Although this seems to
be in tension with OGLE observations of the Magellanic
Clouds [50, 51] shown in Fig. 2, we note that a slightly
larger value (≃ 3%) of the dissipation constant CT than
the one chosen in this figure for TR = 5 TeV and ns > 1
could easily explain the HSC-Subaru microlensing events,
also potentially agreeing with the PTA signal. It is in-
teresting to note a lukewarm inflation scenario at these
temperatures would signal new physics just above the
energy scale currently being probed at the LHC.

Lukewarm inflation thus leads to two independent ob-
servational signatures, both with distinctive features that
reflect the underlying large-amplitude and nearly-scale
invariant spectrum over an exponentially large range of
scales. The amplitude and unique shapes of ΩGW (f)
and fPBH(M) provide, as described above, two inde-
pendent ways of determining the four parameters that
characterize the primordial curvature power spectrum
(As, ns, kmin and kmax), and the underlying properties of
the lukewarm inflation stage (TR, Ne, CT and the poten-
tial slow-roll parameters). We may, in particular, estab-
lish consistency relations between observables that allow
us to determine whether such a period occurred in the
early universe or not. For instance, we find:

M⋆ ≃ 10−10M⊙
( g∗

100

)−1/6
(

mHz

fmax

)2

, (10)

TE/TeV NLW ns

5 9 1.03
5 9 0.97

104 17 1.03
104 17 0.97

ΩGW ∝ A2
s f

2(ns−1)

fmax ≃ 2.6 × 10−8 Hz
TE

GeV

A flat SGWB over a large frequency range
fmax/fmin = eNLWHE/HI
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Sub-solar mass primordial black holes
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FIG. 1. SGWB spectrum for different realizations of luke-
warm inflation. The green violins represent the NANOGRAV
signal [32]. Future observational curves including the Roman
Telescope [33, 34], the binary resonances [35, 36] with LLR,
eLO, and eSLR, LISA [37], Taiji [38], and TianQin [39] are
also represented in the figure. The gray-dashed line is the
bound from relativistic degrees of freedom at BBN. We have
taken g∗ = 100 in our examples.
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FIG. 2. Fraction of dark matter in PBHs as a function of their
mass M , for the same lukewarm inflation scenarios considered
in Fig. 1. The red and green shaded contours represent the
allowed regions of PBH abundance when all 12 microlens-
ing candidates or the 4 secure candidates (“S4”) of Subaru-
HSC are attributed to PBHs, respectively [40]. The shaded
regions give the current constraints on the PBH abundance
from Hawking evaporation [41–46] (orange) and gravitational
microlensing [47–50] (blue). Data was obtained from [52].

characteristic of critical collapse and insensitive to the
form of the curvature power spectrum. On the other
hand, for large PBH masses we find approximately that

fPBH(M) ∝ M− 1
2− a

2 (ns−1), where a ≡ 81δ2c
16As

, as shown
in detail in the appendix for the interested reader. While
this is in agreement with the M−1/2 scaling obtained in

[53] for an exactly scale-invariant curvature power spec-
trum (ns = 1), this shows that small deviations from
scale invariance may have a significant impact on the
shape of the PBH mass function, taking into account that
a ≳ 1 for As ∼ 10−2. In the examples shown in Fig. 2,
a ∼ 30, and we find completely different PBH mass distri-
butions for red- and blue-tilted spectra. While for ns > 1
we find that fPBH(M) is sharply peaked, scenarios with
ns < 1 may exhibit a plateaux in the PBH mass function
over several mass decades.

The transition between the two distinct be-
haviors of the PBH mass function occurs at
M⋆ ≃ 5 × 10−7M⊙ (100/g∗)

1/2
(TR/TeV)

−2
. This coin-

cides with a peak in the mass function for ns ≳ 1 − a−1,
and the ns-dependent power law behavior extends until
Mmax ∼ e2NeM∗. We note that non-Gaussian effects
may have an impact on the PBH mass function, since
fNL ≃ 8 for Υ ∝ T in the strong dissipative regime
relevant to lukewarm inflation [54, 55], and we plan to
refine our analysis to take this into account in future
work.

Our results nevertheless show that lukewarm inflation
has the potential to generate all, or at least a signifi-
cant fraction of, the dark matter in sub-solar mass PBHs,
namely in the asteroid (10−16 − 10−12M⊙) and plane-
tary mass windows. The latter is particularly relevant
given current potential hints for gravitational microlenses
with 10−7 − 10−6M⊙ found by HSC-Subaru from obser-
vations of M31 [40], which could potentially be explained
by PBHs in this mass range. Although this seems to
be in tension with OGLE observations of the Magellanic
Clouds [50, 51] shown in Fig. 2, we note that a slightly
larger value (≃ 3%) of the dissipation constant CT than
the one chosen in this figure for TR = 5 TeV and ns > 1
could easily explain the HSC-Subaru microlensing events,
also potentially agreeing with the PTA signal. It is in-
teresting to note a lukewarm inflation scenario at these
temperatures would signal new physics just above the
energy scale currently being probed at the LHC.

Lukewarm inflation thus leads to two independent ob-
servational signatures, both with distinctive features that
reflect the underlying large-amplitude and nearly-scale
invariant spectrum over an exponentially large range of
scales. The amplitude and unique shapes of ΩGW (f)
and fPBH(M) provide, as described above, two inde-
pendent ways of determining the four parameters that
characterize the primordial curvature power spectrum
(As, ns, kmin and kmax), and the underlying properties of
the lukewarm inflation stage (TR, Ne, CT and the poten-
tial slow-roll parameters). We may, in particular, estab-
lish consistency relations between observables that allow
us to determine whether such a period occurred in the
early universe or not. For instance, we find:

M⋆ ≃ 10−10M⊙
( g∗

100

)−1/6
(

mHz

fmax

)2

, (10)

M⋆ ≃ 3×10−10M⊙
(︂ g∗

100

)︂−1/6(︂mHz

fmax

)︂2

fPBH ∝
{︄
M1+1/γ , M < M⋆

M− 1
2−κ

2 (ns−1), M > M⋆

κ ≡ 81δ2c/(16As)

ns > 1: peak ns < 1: plateau

All DM in asteroid-mass PBHs possible;
planetary masses could explain HSC–M31 events.

Fig. Orange: evaporation; blue: microlensing; red/green: HSC–M31 candidates, Sugiyama et al. arXiv:2602.05840
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Back to the QCD-scale realization

Early matter era after LW

▶ lower threshold for black hole formation δc

▶ spinning PBHs

▶ modified ΩGW(f)

order-of-magnitude estimate

fmax ∼ 4.1× 10−9 Hz
TE

250MeV

MH(kmax) ∼M⊙

The axion model points to the PTA band and solar-mass PBHs
needs a dedicated analysis.

Harada et al (2017)
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Summary

Lukewarm inflation

▶ secondary warm inflation at
low T

▶ strong dissipation,
Q ∝ CTMP/T

▶ no reheating stage

QCD axion

▶ fa ≃ 1015–16 GeV with
θi ∼ 1

▶ observed nB/s from a large
initial asymmetry

▶ RH neutrinos at a few
hundred MeV

Signatures

▶ flat SGWB with a sharp
cut-off

▶ sub-solar mass PBHs

Next: non-Gaussianity (fNL ≃ 8), peak theory, early-matter-era effects, other lukewarm models.

Thank you!
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Backup slides



Backup: axion cosmology and dilution mechanisms

▶ Mass (chiral perturbation theory, lattice):

ma ≃ 5.7µeV (1012 GeV/fa);
m2
a(T ) = m2

a (T/TQCD)−n for T > TQCD, n ≃ 8

▶ Misalignment: θi ∼ O(1) (e.g. ⟨θ2i ⟩1/2 = π/
√

3);
frozen while H ≫ ma(T )

▶ Standard thermal history:

Ωah
2 ≃ 0.12

(︃
θi

0.86

)︃2(︃
fa

1012 GeV

)︃1.16

fa = 1016 GeV: overabundant by ≈ 4× 104 (θi/0.86)2

Existing dilution mechanisms
late entropy release (decays, moduli), thermal
inflation, low-scale inflation, late accelerated
phases.

Typical issues:

1. ad hoc fields with tuned decay rates

2. very low reheating temperatures

3. erase any pre-existing baryon asymmetry

4. tuning mϕ ∼ H ∼ ma

Goal: fa ≃ 1015–16 GeV, θi ∼ 1
and the observed nB/s.

Grilli di Cortona et al. JHEP 01 (2016) 034; Borsanyi et al. Nature 539 (2016) 69; Marsh, Phys. Rept. 643 (2016) 1; O’Hare, PoS COSMICWISPers (2024) 040; dilution
mechanisms: refs. [13–21] of [A]
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Backup: warm-inflation dynamics

Slow roll sustained by thermal friction. . .

ϕ̈+ (3H + Υ) ϕ̇+ V ′(ϕ) = ξ

. . . which also sustains a radiation bath:

ρ̇R + 4HρR = Υϕ̇2

Slow-roll regime, with Q ≡ Υ/(3H):

3H(1 +Q) ϕ̇ ≃ −V ′(ϕ), 4HρR ≃ Υϕ̇2

▶ Conditions: ϵϕ, |ηϕ| ≪ 1 +Q

ϵϕ =
M2

P
2 (V ′/V )2, ηϕ = M2

PV
′′/V

▶ For Q≫ 1:
ρR
ρϕ

≃ ϵH
2
, ϵH ≃ ϵϕ

1 +Q
radiation subdominant, yet T > H

▶ ϵH → 1: radiation takes over smoothly
⇒ no separate reheating

▶ Strong dissipation: slow roll even for
mϕ ≫ H

Berera & Fang, PRL 74 (1995) 1912; Berera, PRL 75 (1995) 3218; Berera, Moss, Ramos, Rept. Prog. Phys. 72 (2009) 026901
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Backup: dissipation coefficient

ψ1,2 decay through an additional Yukawa coupling y:

−Lψσ = y σ
∑︂

i=1,2

(︁
ψ̄iLψσR + ψ̄σLψiR

)︁
+ h.c.

Adiabatic, high-T regime (T ≳ mψi
), from

non-equilibrium QFT:

Υ ≃ CT T, CT ≃ 3 g2

y2 (1 − 0.34 log y)

([A] Eq. (11); CT ≲ 1 means no large hierarchy g ≫ y)

Using ρR = π2

30 g∗T
4 ≃ ϵH

2 3H2M2
P:

Q =
CT
3

T

H
≃
(︃

5

π2

ϵH
g∗

)︃1/2

CT
MP

T

Lower T ⇒ stronger dissipation.
T ≪ CTMP ⇒ Q≫ 1
automatically.

Lukewarm inflation is easier to realize than

GUT-scale warm inflation (weak/mild

dissipation there).

Bastero-Gil, Berera, Ramos, Rosa, PRL 117 (2016) 151301; Kapusta & Gale, Finite-temperature field theory (CUP 2011); [B]
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Backup: slow-roll solution, quadratic potential

V = 1
2m

2
ϕϕ

2, Υ = CTT , Q≫ 1; Ne: e-folds
since the onset (I);

x ≡ 1 −Ne/(NLW + 5
6 ):

ϕ = ϕI x
5/6, T = TI x

1/6, H = HI x
5/6

ϵH = −d lnH/dNe = 1 at Ne = NLW (end, E;
slow-roll estimate)

T 4
I ≃ 75

2π2g∗

H2
IM

2
P

NLW + 5/6
, m2

ϕ ≃ 5

6

CT HITI
NLW + 5/6

▶ Three parameters: (HI , NLW, CT )

▶ Background H(Ne), T (Ne) is
independent of CT for Q≫ 1: CT
only fixes mϕ (and the perturbation
amplitude)

▶ TI fixed by HI and NLW alone

▶ Other potentials allowed (only Z2-even
required), e.g. hybrid-like V0 + 1

2m
2
ϕϕ

2

[A], Eqs. (25)–(31)
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Backup: right-handed-neutrino sector

▶ WLI with ψ1,2 → N1, N2, ψσ → N3 (lightest), σ a
light scalar, ⟨σ⟩ = 0; U(1) may be identified with
lepton number; Majorana-type couplings (O(1)
factors absorbed in g, y)

▶ Type-I seesaw links to the SM (H: Higgs doublet,
⟨H⟩ = vH ≃ 174 GeV):

LYuk = −Yαi N̄iH†Lα + h.c.

mν ≃ 0.05 eV ⇒ ∑︁
α |Yαi|2 ≃

1.65 × 10−15MNi/GeV

▶ ΓNi ≃
G2

FM
5
Ni

96π3

∑︁
α |Uαi|2, |Uαi|2 =

v2H |Yαi|2
M2

Ni

: too

slow to keep the SM in the bath ⇒ SM redshifts
away during LW

ϕ N1, N2

N3 + σ

SM

g

Υ = CTT

y

Yαi: after LW,
before BBN

bath during LW
g∗ = 7

8 · 2 · 3 + 1 = 6.25

BBN: ΓN3 > H(TD ≃ 5 MeV) ⇒
MNi ≳ 0.1–1 GeV, depending on the
flavour structure of the mixing

Levy, Rosa, Ventura, JHEP 12 (2021) 176; Hernández, Kekic, López-Pavón, PRD 90 (2014) 065033; Domcke, Drewes, Hufnagel, Lucente, JHEP 01 (2021) 200; [A]
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Backup: scales and inflaton mass

Require HI ∼ ma ≃ 0.57 neV (1016 GeV/fa):

TI ≃ 1.6 GeV

g
1/4
∗

(︂HI

ma

)︂ 1
2
(︂1016 GeV

fa

)︂ 1
2
(︂
NLW +

5

6

)︂− 1
4

mϕ ≃ 0.8 eV
C

1/2
T

g
1/8
∗

(︂HI

ma

)︂ 3
4
(︂1016 GeV

fa

)︂ 3
4
(︂
NLW+

5

6

)︂− 5
8

Benchmark (g∗ = 6.25, NLW = 7, ma/HI ≃ 0.55,

fa = 1016 GeV): TI ≃ 0.8 GeV; numerically

TE ≃ 450 MeV.

▶ T ≲ GeV ⇒ upper bound
MN3 ≲ TE; with the BBN bound:
MNi ∼ few×100 MeV

▶ Sub-eV inflaton, yet mϕ ≫ HI :
possible only because Q≫ 1
(Q ∼ CT

3
T
H

∼ 1012 CT /10−5 here)

▶ Sub-Planckian field:
ϕ ∼ (H/mϕ)MP ≪MP

▶ T/H ≳ ΛQCD/ma ∼ fa/ΛQCD ≫ 1:
very strong dissipation

[A], Eqs. (29)–(31)
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Backup: scalar-induced gravitational waves

Second-order tensor modes sourced by ∆2
R re-entering in the radiation era:

Ω
(c)
GW(k) =

1

6

∫︂ ∞

0

dv

∫︂ 1+v

|1−v|
du

[︃
4v2 − (1 + v2 − u2)2

4uv

]︃2
I2
RD(u, v) ∆2

R(kv) ∆2
R(ku)

I2
RD ≡ limx→∞ x2 I2RD(u, v, x), x = kτ : oscillation-averaged kernel in radiation domination

ΩGWh
2
⃓⃓
0
≃ 0.83

(︂ g∗,c
10.75

)︂−1/3

Ωr,0h
2 Ω

(c)
GW

Ωr,0h
2 ≃ 4.2 × 10−5

fmax ≡ kmax/(2πa0), re-entry at T ≃ TE in a

radiation era:

fmax ≃ 2.6 × 10−8 Hz
(︂ TE

GeV

)︂(︂ g∗
100

)︂1/6

Main features

ΩGWh
2 ∝

⎧⎪⎨⎪⎩
f3, f < fmin

A2
s (f/fmax)2(ns−1), fmin < f < fmax

0, f > 2fmax

fmax

fmin
=
kmax

kmin
= eNLW

HE

HI

f > 2fmax: forbidden by momentum conservation

Kohri & Terada, PRD 97 (2018) 123532; Espinosa, Racco, Riotto, JCAP 09 (2018) 012; [B] Eq. (8)
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Backup: PBH formation (Press–Schechter)

δ ≃ − 4
9
(aH)−2∇2R > δc collapses into M = KMH(δ − δc)

γ ; K ≃ 4, γ ≃ 0.36, δc = 0.49 for w = 1
3
,

realistic w(T ) through EW, QCD, e±

fPBH(M) =
2K/γ
ΩCDM

∫︂
d lnMH

√︃
Meq

MH

µ
1+ 1

γ

√
2πΣ2

exp
[︂
− (µ1/γ + δc)

2

2Σ2

]︂
, µ ≡ M

KMH

Σ2(MH) =

∫︂
d ln k

16

81

(︂ k

aH

)︂4

∆2
R(k) e−k

2/(aH)2 , (aH)−1 at re-entry of MH

Main features

fPBH ∝
{︄
M1+1/γ , M < M⋆

M− 1
2
−κ

2
(ns−1), M⋆ < M < Mmax

κ ≡ 81 δ2c/(16As) ≈ 30–45 (benchmarks)

M⋆ ≃ 5 × 10−7M⊙
(︂100

g∗

)︂ 1
2
(︂ TE

TeV

)︂−2

Mmax/M⋆ = (kmax/kmin)2;
ns > 1 − κ−1: peak at M⋆; ns ≲ 1 − κ−1:
plateau

Byrnes, Hindmarsh, Young, Hawkins, JCAP 08 (2018) 041; Carr, Clesse, Garćıa-Bellido, Kühnel, PDU 31 (2021) 100755; Musco et al. PRD 103 (2021) 063538; Domènech, Pi,
Wang, arXiv:2602.24061; [B] Eq. (9) & suppl.
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