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INTRODUCTION

• ρ meson calculation with Lattice QCD
• 4 gauge ensembles
• Extrapolation to physical ρ:

• Continuum extrapolation
• Quark mass extrapolation
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Lattice QCD

• Wick rotation: 𝑡 → 𝑖𝜏

• Path integral: 𝑂 ∝ ∫ 𝒟 ത𝜓𝒟𝜓𝒟𝑈 𝑂 𝑒−𝑆𝑓𝑒−𝑆𝑔

• 𝑂 ∝ ∫ 𝒟𝑈 𝑂 det 𝐷 𝑒−𝑆𝑔

• 𝑂 ∝ ∑𝑂 𝑈𝑖
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Ensembles

C13 D5 D6 E5
𝑁𝑠

3 × 𝑁𝑡 323 × 96 323 × 64 483 × 96 483 × 128

a [fm] 0.11403(77) 0.08990(82) 0.08766(79) 0.06827(55)
𝑚𝜋 [MeV] 316.6(2.2) 282.8(2.8) 174.7(1.8) 289.9(2.4)
𝑚𝜂𝑠

 [MeV] 671.8(5.6) 702.8(6.4) 702.8(6.3) 821.5(6.7)
𝑁𝑐𝑜𝑛𝑓𝑖𝑔𝑠 × 𝑁𝑠𝑜𝑢𝑟𝑐𝑒𝑠 1039 x 8 467 x 16 621 x 16 297 x 16

• 𝑁𝑓 = 2 + 1 dynamical quark flavors
• Clover improved Wilson action
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2-point correlation functions
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Interpolators

Interpolators in momentum space:
• 𝑂𝜌 𝑷 = ത𝑞𝛾𝑖𝑞 𝑷

• 𝑂𝜋𝜋 𝒑𝟏, 𝒑𝟐 = ത𝑞𝛾5𝑞 (𝒑𝟏) ത𝑞𝛾5𝑞 (𝒑𝟐)

𝒑𝟏 + 𝒑𝟐 = 𝑷

For all:
• 𝑃 = 𝑷 2 ≤ 3;
• 𝒑𝟏

2, 𝒑𝟐
𝟐 ≤ 3

Project to Λ, 𝑟, 𝑷

Example: 𝑂𝜋𝜋
Λ ,𝑟,𝑷 𝐸  

• 𝑂𝜋𝜋
𝐸,1,(001)

𝐸1 ,

• 𝑂𝜋𝜋
𝐸,1,(010)

𝐸1 ,

• 𝑂𝜋𝜋
𝐸,2,(001)

𝐸1

• …

Average 𝐶Λ,r,𝐏 over 𝑟, 𝑷
𝑂𝜋𝜋

Λ=𝐸,𝑃=1 𝐸1
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𝐶𝑖𝑗
Λ,𝑃 𝑡 𝑣𝑗

Λ,𝑃,𝑛 𝑡 = 𝜆Λ,𝑃,𝑛 𝑡, 𝑡0 𝐶𝑖𝑗
Λ,𝑃 𝑡0 𝑣𝑗

Λ,𝑃,𝑛 𝑡
GEVP:
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𝑎𝑚𝑒𝑓𝑓

𝑡

𝑎
+ 0.5 = ln

𝜆
𝑡
𝑎

𝜆
𝑡
𝑎 + 1



𝜆𝑛
1exp

𝑡, 𝑡0 = 𝐴 exp[−𝐸𝑛 𝑡 − 𝑡0 ]

𝜆𝑛
2exp

𝑡, 𝑡0 = 1 − 𝐴 exp −𝐸𝑛 𝑡 − 𝑡0 + 𝐴 exp −𝐸𝑚 𝑡 − 𝑡0

Energy fit:
AIC: Jay – Neil, arXiv:2008.01069
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Global fit

𝜒2 = 𝐸𝑑𝑎𝑡𝑎 − 𝐸𝑚𝑜𝑑𝑒𝑙
𝑇𝐶−1 𝐸𝑑𝑎𝑡𝑎 − 𝐸𝑚𝑜𝑑𝑒𝑙

𝐸𝑑𝑎𝑡𝑎 = 𝐸𝐶13 , 𝐸𝐷5 , 𝐸𝐷6 , 𝐸𝐸5 𝐶 =

𝐶𝐶13  
𝐶𝐷5  

𝐶𝐷6  
𝐶𝐸5
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𝑁𝑑𝑎𝑡𝑎 = 57

• Discretization effects
• Finite volume effects
• Quark mass dependence

𝐸𝑛 → 𝑇

Lattice energy spectra Physical scattering amplitude



𝐸𝑚𝑜𝑑𝑒𝑙
∗ = 𝐸𝑇

∗ − 𝐸𝑑
∗

QC in continuum Discretization effects

Global fit – model energies
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Quantization condition in continuum

det [ 𝑇−1 𝐸𝑇
∗ + 𝜌 𝐹 𝐸𝑇

∗ ] = 0

𝑇−1 = 𝐾−1 − 𝑖 𝜌

𝐾 = ෩𝐾 𝑘2𝑙  

෩𝐾 =
𝑔2 𝑚𝜋, 𝑚𝜂𝑠

𝑚𝜌
2 𝑚𝜋, 𝑚𝜂𝑠

− 𝑠

𝜌 =
𝑘

16𝜋 𝑠

Functions  of parameters

QC: Briceno-Dudek-Young: arXiv:1706.06223
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Mass dependence

𝑀𝑖
2 =

𝑎2𝑚𝑖
2  − 𝑎2𝑚𝑖,𝑝ℎ𝑦𝑠

2  

𝑎2𝑚𝑖,𝑝ℎ𝑦𝑠
2

𝑀𝑖
3 =

𝑎3𝑚𝑖
3  − 𝑎3𝑚𝑖,𝑝ℎ𝑦𝑠

3  

𝑎3𝑚𝑖,𝑝ℎ𝑦𝑠
3

𝑀𝑖
2log

 =
𝑎2𝑚𝑖

2 

𝑎2𝑚𝑖,𝑝ℎ𝑦𝑠
2 2 ln

𝑚𝑖

𝜇
− 2 ln

𝑚𝑖,𝑝ℎ𝑦𝑠

𝜇

𝑀𝑖
4 log  

=
𝑎4𝑚𝑖

4 

𝑎4𝑚𝑖,𝑝ℎ𝑦𝑠
4 2 ln

𝑚𝑖

𝜇
− 2 ln

𝑚𝑖,𝑝ℎ𝑦𝑠

𝜇

𝑚𝜌 = 𝑚𝜌,𝑝ℎ𝑦𝑠 + 𝑐2 𝑀𝜋
2 + 𝑐2𝑙𝑜𝑔 𝑀𝜋

2𝑙𝑜𝑔
+ 𝑐3 𝑀𝜋

3 + 𝑐4𝑙𝑜𝑔 𝑀𝜋
4𝑙𝑜𝑔

+ 𝑐𝜂𝑠
 𝑀𝜂𝑠

2

𝑔𝜌
2 = 𝑔𝑝ℎ𝑦𝑠

2 + 𝑑2 𝑀𝜋
2 + 𝑑2𝑙𝑜𝑔 𝑀𝜋

2𝑙𝑜𝑔
+ 𝑑3 𝑀𝜋

3 + 𝑑4𝑙𝑜𝑔 𝑀𝜋
4𝑙𝑜𝑔

+ 𝑑𝜂𝑠
 𝑀𝜂𝑠

2

Motivation: Bruns-Meisner, arXiv:hep-ph/0411223
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Discretization

𝑎𝐸𝑑,𝑎
∗ = 𝑐𝑃𝑎 𝑎𝑃 2 + 𝑐𝑘𝑎 𝑎𝑘 2 + 𝑐𝐶𝑎3Λ𝑄𝐶𝐷

2

Additive models:

𝑎𝐸𝑑,𝑚
∗ = 𝐸𝑇

∗ 𝑐𝑃 𝑎𝑃 2 + 𝑐𝑘 𝑎𝑘 2 + 𝑐𝐶𝑎2Λ𝑄𝐶𝐷
2

Multiplicative models:

Motivation: Hansen-Peterken, arXiv:2408.07062
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𝑚𝜌 = 𝑚𝜌,𝑝ℎ𝑦𝑠 + 𝑐2 𝑀𝜋
2 + 𝑐𝜂𝑠

 𝑀𝜂𝑠
2

𝑎𝐸𝑑,𝑎
∗ = 𝑐𝑃𝑎 𝑎𝑃 2𝑀𝑜𝑑𝑒𝑙:
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𝜒2/𝑑𝑜𝑓 = 0.77



𝑚𝜌 = 𝑚𝜌,𝑝ℎ𝑦𝑠 + 𝑐2 𝑀𝜋
2 + 𝑐𝜂𝑠

 𝑀𝜂𝑠
2

𝑎𝐸𝑑,𝑎
∗ = 𝑐𝑃𝑎 𝑎𝑃 2𝑀𝑜𝑑𝑒𝑙:
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T-matrix pole

𝑇−1 𝐸∗ = 𝐾−1 𝐸∗ − 𝑖 𝜌 𝐸∗ = 0

2𝑚𝜋

𝜌
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𝑚𝜌 = 𝑚𝜌,𝑝ℎ𝑦𝑠 + 𝑐2 𝑀𝜋
2 + 𝑐𝜂𝑠

 𝑀𝜂𝑠
2

𝑎𝐸𝑑,𝑎
∗ = 𝑐𝑃𝑎 𝑎𝑃 2𝑀𝑜𝑑𝑒𝑙:
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FIT: 𝟕𝟒𝟒 𝟏𝟏 𝟕  − 𝒊 𝟔𝟗 𝟕 𝟑
PDG: 𝟕𝟔𝟏 − 𝟕𝟔𝟓  − 𝒊 𝟕𝟏 − 𝟕𝟒
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OUTLOOK

Same approach to:
• Other resonances
• Transitions
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C13 D5 D6 E5
𝑁𝑠

3 × 𝑁𝑡 323 × 96 323 × 64 483 × 96 483 × 128

a [fm] 0.11403(77) 0.08990(82) 0.08766(79) 0.06827(55)
L [fm] 3.649(25) 2.877(26) 4.208(38) 3.277(26)
𝑚𝜋 [MeV] 316.6(2.2) 282.8(2.8) 174.7(1.8) 289.9(2.4)
𝑚𝐾  [MeV] 527.4(3.6) 536.3(4.9) 513.4(4.6) 526.3(4.3)
𝑚𝜂𝑠

 [MeV] 671.8(5.6) 702.8(6.4) 702.8(6.3) 821.5(6.7)

𝑁𝑐𝑜𝑛𝑓𝑖𝑔 1039 467 621 297

𝑁𝑠𝑜𝑢𝑟𝑐𝑒𝑠 8 16 16 16
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𝑚𝑝ℎ𝑦𝑠,𝜂𝑠
= 688.5 MeV 𝜂𝑠: Dowdall et al., arXiv:1110.6887



23


	Diapozitiv 1: Multi-ensemble analysis of ρ resonance
	Diapozitiv 2: INTRODUCTION
	Diapozitiv 3: Lattice QCD
	Diapozitiv 4: Ensembles
	Diapozitiv 5: 2-point correlation functions
	Diapozitiv 6: Interpolators
	Diapozitiv 7
	Diapozitiv 8
	Diapozitiv 9
	Diapozitiv 10: Global fit
	Diapozitiv 11: Global fit – model energies
	Diapozitiv 12: Quantization condition in continuum
	Diapozitiv 13: Mass dependence
	Diapozitiv 14: Discretization
	Diapozitiv 15
	Diapozitiv 16
	Diapozitiv 17: T-matrix pole
	Diapozitiv 18
	Diapozitiv 19
	Diapozitiv 20
	Diapozitiv 21: OUTLOOK
	Diapozitiv 22
	Diapozitiv 23


  t → i 𝜏


   ⟨ O ⟩ ∝ ∫ 𝒟  𝜓 - 𝒟 𝜓 𝒟 U   O    e  −  S f  e  −  S g


   ⟨ O ⟩ ∝ ∫ 𝒟 U   O  det ⁡   [ D ]  e  −  S g


   ⟨ O ⟩ ∝ ∑ O  (  {  U i } )


   N s 3 ×  N t


   32 3 × 96


   32 3 × 64


   48 3 × 96


   48 3 × 128


   m 𝜋


   m   𝜂 s


   N  c o n f i g s ×  N  s o u r c e s


   N f = 2 + 1


   O 𝜌  ( 𝑷 ) =  q -  𝛾 i q  ( 𝑷 )


   O  𝜋 𝜋  (  𝒑 𝟏 ,  𝒑 𝟐 ) =  [  q -  𝛾 5 q ] (  𝒑 𝟏 )  [  q -  𝛾 5 q ] (  𝒑 𝟐 )


   𝒑 𝟏 +  𝒑 𝟐 = 𝑷


  P =    | 𝑷 | 2 ≤ 3 ;


     |  𝒑 𝟏 | 2 ,    |  𝒑 𝟐 | 𝟐 ≤ 3


  Λ ,   r ,   𝑷


   O  𝜋 𝜋  Λ   , r ,   𝑷  ( E )


   O  𝜋 𝜋  E , 1 ,   ( 001 )  (  E 1 ) ,


   O  𝜋 𝜋  E , 1 ,   ( 010 )  (  E 1 ) ,


   O  𝜋 𝜋  E , 2 ,   ( 001 )  (  E 1 )


   C  Λ , r , 𝐏


  r ,   𝑷


   O  𝜋 𝜋  Λ = E , P = 1  (  E 1 )


   C  i j  Λ , P  ( t )  v j  Λ , P , n  ( t ) =  𝜆  Λ , P , n  ( t ,  t 0 )  C  i j  Λ , P  (  t 0 )  v j  Λ , P , n  ( t )


  a  m  e f f  (  t a + 0 . 5 ) =  ln ⁡   [   𝜆  (  t a )  𝜆  (  t a + 1 ) ]


   𝜆 n  1 exp  ( t ,  t 0 ) = A  exp ⁡  [ −  E n  ( t −  t 0 ) ]


   𝜆 n  2 exp  ( t ,  t 0 ) =  ( 1 − A )  exp ⁡   [ −  E n  ( t −  t 0 ) ] + A  exp ⁡   [ −  E m  ( t −  t 0 ) ]


   𝜒 2 =    (  E  d a t a −  E  m o d e l ) T  C  − 1  (  E  d a t a −  E  m o d e l )


   E  d a t a =  [    {  E  C 13 } ,    {  E  D 5 } ,  {  E  D 6 } ,    {  E  E 5 } ]


  C =  [     C  C 13                C  D 5                C  D 6                C  E 5 ]


   N  d a t a = 57


   {  E n } → T


   E  m o d e l ∗ =  E T ∗ −  E d ∗


  det   [    T  − 1  (  E T ∗ ) + 𝜌   F  (  E T ∗ ) ] = 0


   T  − 1 =  K  − 1 − i   𝜌


  K =  K ~    k  2 l  


   K ~ =    g 2  (  m 𝜋 ,    m   𝜂 s )   m 𝜌 2  (  m 𝜋 ,    m   𝜂 s ) − s


  𝜌 =  k  16 𝜋    s


   M i 2 =    a 2  m i 2   −  a 2  m  i , p h y s 2     a 2  m  i , p h y s 2


   M i 3 =    a 3  m i 3   −  a 3  m  i , p h y s 3     a 3  m  i , p h y s 3


     M i  2 log ⁡   =    a 2  m i 2     a 2  m  i , p h y s 2 2  ln ⁡   (    m i 𝜇 ) − 2  ln ⁡   (    m  i ,   p h y s 𝜇 )


   M i  4  log ⁡   =    a 4  m i 4     a 4  m  i , p h y s 4 2  ln ⁡   (    m i 𝜇 ) − 2  ln ⁡   (    m  i , p h y s 𝜇 )


   m 𝜌 =  m  𝜌 , p h y s +  c 2    M 𝜋 2 +  c  2 l o g    M 𝜋  2 l o g +  c 3    M 𝜋 3 +  c  4 l o g    M 𝜋  4 l o g +  c   𝜂 s    M   𝜂 s 2


   g 𝜌 2 =  g  p h y s 2 +  d 2    M 𝜋 2 +  d  2 l o g    M 𝜋  2 l o g +  d 3    M 𝜋 3 +  d  4 l o g    M 𝜋  4 l o g +  d   𝜂 s    M   𝜂 s 2


  a  E  d , a ∗ =  c P a    ( a P ) 2 +  c k a    ( a k ) 2 +  c C  a 3  Λ  Q C D 2


  a  E  d , m ∗ =  E T ∗  [  c P    ( a P ) 2 +  c k    ( a k ) 2 +  c C  a 2  Λ  Q C D 2 ]


   m 𝜌 =  m  𝜌 , p h y s +  c 2    M 𝜋 2 +  c   𝜂 s    M   𝜂 s 2


  a  E  d , a ∗ =  c P a    ( a P ) 2


  M o d e l :


   𝜒 2 / d o f = 0 . 77


   m 𝜌 =  m  𝜌 , p h y s +  c 2    M 𝜋 2 +  c   𝜂 s    M   𝜂 s 2


  a  E  d , a ∗ =  c P a    ( a P ) 2


  M o d e l :


   T  − 1  (  E ∗ ) =  K  − 1  (  E ∗ ) − i   𝜌  (  E ∗ ) = 0


  2  m 𝜋


  𝜌


   m 𝜌 =  m  𝜌 , p h y s +  c 2    M 𝜋 2 +  c   𝜂 s    M   𝜂 s 2


  a  E  d , a ∗ =  c P a    ( a P ) 2


  M o d e l :


  𝟕 𝟒 𝟒  ( 𝟏 𝟏 )  ( 𝟕 )   − 𝒊   𝟔 𝟗  ( 𝟕 )  ( 𝟑 )


   ( 𝟕 𝟔 𝟏 − 𝟕 𝟔 𝟓 )   − 𝒊    ( 𝟕 𝟏 − 𝟕 𝟒 )


   N s 3 ×  N t


   32 3 × 96


   32 3 × 64


   48 3 × 96


   48 3 × 128


   m 𝜋


   m K


   m   𝜂 s


   N  c o n f i g


   N  s o u r c e s


   m  p h y s ,    𝜂 s = 688 . 5


   𝜂 s :

